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__ ■ Abstract 

C^ ' We provide a thorough construction of a system of compatible determinant hne bundles over 

spaces of Fredholm operators, fully verify that this system satisfies a number of important prop- 
rH ' erties, and include explicit formulas for all relevant isomorphisms between these line bundles. 

^^ I We also completely describe all possible systems of compatible determinant line bundles and 

l~^ ' compare the conventions and approaches used elsewhere in the literature. 
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1 Introduction 

A Fredholm operator between Banach vector spaces X and y is a bounded homomorphism 
D: X — >Y such that 

lmD= {Dx: xeX} 
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is closed in Y and the dimensions of its kernel and cokernel, 

k{D) = {xeX:Dx = 0} and c{D) = Y/{lmD), 

are finitely The space J^{X, Y) of Fredholm operators is an open subspace of the space B{X, Y) of 
bounded linear operators D: X — >Y in the normed topology; see [U Theorem A.1.5(ii)]. Quillen's 
construction, outlined in [6l Section 2], associates to each Fredholm operator D a Z2-graded one- 
dimensional vector space \{D) = det D, called the determinant line of D, and topologizes, in a 
systematic way, the set 

detx,Y = [_\ XiD) 

DeT{X,Y) 

as a line bundle over J^{X, Y) for each pair (X, Y) of Banach vector spaces. There are in fact 
infinitely many compatible systems of such topologies, all of which we describe in Section [231 they 
are isomorphic pairwise. We describe some intrinsic and not so-intrinsic ways of narrowing down 
the choices and of choosing a specific system at the end of Section [2] and at the end of Remark 13. II 

The determinant line bundle plays a prominent role in a number of geometric situations, but un- 
fortunately there appears to be no thorough description of its construction and properties in the 
literature. The key issue in its construction is the existence of a collection of (set-theoretic) trivial- 
izations for detx,y , such as Id,t in (|2.6p and Iq-d in (|3.2p . that overlap continuously. The justifica- 
tion for the existence of such a collection in [6j consists of an allusion to some unspecified collection 
of compatible isomorphisms relating the determinant line bundles in the short exact triples 

^ s- 1^^+™ ^ m''+"^ ^ 

(1.1) 

^ R^+'" s- MC+™ ^ ^ 

of homomorphisms, where the middle arrow is the projection onto the last m coordinates. Explicit 
formulas for such a collection of isomorphisms appear in [1^ Section 3.2.1], [H Appendix A. 2], [71 
Section 2], and [H Section (11a)], while [21 Appendix D.2] and O Chapter I] describe it more 
abstractly. The proof of [H Theorem A. 2. 2] uses them to describe trivializations for determinant 
line bundles for Fredholm operators without checking that they overlap continuously, which in fact 
is not the case, as discovered by f5]; see Section [313] for more details. The key property of this 
collection of isomorphisms necessary for the construction of the determinant line bundle is speci- 
fied in [8], and the construction itself is then briefly outlined. The discussion of the relevant linear 
algebra considerations is more extensive in [2], but it contains an important deficiency, which is 
described in Remark 14.91 and does not complete the construction. However, the general approach 
of [21 Appendix B] is well-suited for an explicit construction of the determinant line bundle and the 
analysis of its properties. Explicit formulas for the above collection are used directly to topologize 
determinant line bundles over spaces of Fredholm operators and for Kuranishi structures in [7] 
and [5j, respectively. The latter are closely related to the two-term case of the bounded complexes 
of vector bundles for which a determinant line bundle is constructed in [3] . As explained in detail 
in Section 13. 2| using [H Theorem I] , which predates [6] , is perhaps the most efficient way for con- 
structing the determinant line bundle and verifying its properties and would eliminate the need 



The first condition is implied by tlie other two, but is traditionally stated explicitly. 



for most of our Section HJ but at the cost of explicit formulas for important isomorphisms (which 
may well be useful in specific applications) and of being self-contained. None of the above works 
explicitly considers most of the non-trivial properties of the determinant line bundle for Fredholm 
operators listed in Section [2j 

This paper provides a comprehensive construction of a system of determinant line bundles and 
a complete verification of many important properties it satisfies. Section [2] sets up the necessary 
notation and precisely describes the properties we later show this system satisfies. Section 13.11 
outlines the determinant line bundle construction carried out in this paper and three alternative 
approaches, while Section [312] provides more details for the approach based on the results obtained 
in [3]. Section [3 . 3 1 compares several conventions for the determinant line bundle that have appeared 
in the literature. Section 13.41 establishes Theorem [21 which describes all determinant line bundle 
systems satisfying the properties in Section [2] and shows that such systems correspond to collections 
of isomorphisms 

Ai,c: A'^IK'^) — >^, ieZ, ceZ+, c>-i; (1.2) 

in contrast to the viewpoint of the previous paragraph, there are no compatibility conditions on the 
isomorphisms in these collections. By Theorem [2l the compatible systems of topologies on determi- 
nant line bundles correspond to the compatible systems of isomorphisms for the exact triples (II. ID 
and to the compatible collections of isomorphisms for exact triples of Fredholm operators. Sec- 
tion IH which is motivated by ^3i Section 1] and ^ Appendix D.2], deals with the linear algebra 
preliminaries used in our construction. Section [5] concludes this paper with topological arguments; 
this section is motivated by the approach in [U Appendix A. 2]. Many of the individual steps that 
we describe in this paper are not new. However, even the full statement of Theorem [Jin Section [2] 
does not seem to appear elsewhere. 

The author would like to thank M. Abouzaid, P. Georgieva, Y.-Z. Huang, D. McDuff, D. Salamon, 
and K. Wehrheim for related discussions and IAS School of Mathematics for hospitality. 

2 Properties of the determinant line bundle 

All vector spaces we consider are over M. We denote by d{V) the dimension of a vector space V 
and by 

X{V) = A*°Py = A°(^V and X*{V) = (A(y))* 

the top exterior power of V and its dual, whenever d{V) <(X). We view X{V) and X*(y) as graded 
lines of degrees 

degA(y),degA*(y) = d{V) + 2ZeZ2. 

For any two Z2-graded lines Li and L2, we define 

degLi(g)L2 = degLi + degL2, 
R: L1OL2 -^ L20L1, R{vim2) = {-l)^'^''^^'^^'^^^^''^V2(^vi. (2.1) 

If jO,i,C2 — ^-^ are Z2-graded line bundles (each fiber has a grading varying continuously over J^), 
the fiberwise isomorphisms R give rise to an isomorphism 



of Z2-graded line bundles over T . If L is a line and v&L — O, we define v* € L* by v*{v) = 1. 

For a Fredholm operator D: X — t-I", we define 

X{D) = X{k{D))^X*{c{D)) (2.2) 

with the grading 

deg X{D) = mdD + 2Z = c)(k(D)) - t)(c(D)) + 2Z G Z2. 
This is the same definition as in [5l Section 7.4]; we discuss alternative versions of (j2.2p in Section [3l 

The line bundles detx,y satisfy a number of important compatibility properties, which we now 
describe. A homomorphism between Fredholm operators D: X — >Y and D' : X' — >Y' is a pair of 
homomorphisms (/> : X — ^X'and^': Y — )>y' so that Z)'o(;/) = ^L'; an isomorphism between Fredholm 
operators D and D' is a homomorphism {(j),ip) ■ D — >D' so that (p ^'iid ^ are isomorphisms. Such 
an isomorphism induces isomorphisms 

A(0) : Xi^iD)) -^ X{k{D')), A(r ') : A(c(Z;')) ^ H<D)), 

i^^^,D-KD)^X{D'), xAa^{Xi<j))x)A{aoX{^-^)). (2.3) 

Isomorphisms (p : X — > X' and ip : Y — > Y' between Banach vector spaces induce a homeomorphism 

I^^^:TiX,Y)^T{X',Y'), D^iPoDo^p-^; 

in particular, ((p,'tp): D — >X^^^{D) is an isomorphism of Fredholm operators for each DGJ-'(X,y). 
Putting the isomorphisms ^<)!,,^;D together, we obtain a bundle map 

Z^^^ : detx,Y — > I^^^detx'x' (2-4) 

covering the identity on T{X, Y). 

Naturality I. The map Z^^^ is continuous for every isomorphism {(j),ip): {X,Y) — >{X',Y') of 
pairs of Banach vector spaces. 

With X, Y as above, we define 

T*{X,Y) = {DeT{X,Y): c{D) = {0}}; 

this is an open subset of J-{X, Y). For each D € J-'*{X, Y), right inverse T : Y — > X oi D, and 
P(zB{X,Y) sufficiently small, the homomorphism 

^D,T;P- k{D + P) — > k{D), X — >x-TDx, (2.5) 

is an isomorphism and thus induces an isomorphism 

X{D) = A(k(L»)) (8)M* -^ X{k{D+P)) ®R* = X{D+P). 

Putting these isomorphisms together, we obtain a bundle map 

iD,T : Ud,t xX{D)^ detx,Y | ^^ ^ (2.6) 

covering the identity on an open neighborhood Ud,t of D in J^*{X,Y). 



Normalization I. The map Id,t is continuous for every DgJ^* {X, Y), right inverse T : Y — > X 
of D, and sufficiently small open neighborhood Uo,T of D in T*{X,Y). 

For Banach vector spaces X',Y' ,X" ,Y", the direct sum operation 

e:J^{X',Y')xJ^{X",Y") -^T{X'®X",Y'®Y"), {D',D") ^D'®D", 

is a continuous map. Let 

Rx>,x" ■■ X'mX" -^ X"®X' and 
-Rr : J'iX', Y') X T{X", Y") — > F{X" , Y") x F{X' , Y') 

be the maps interchanging the factors and 

TTi, 7r2 : F{X\Y') x F{X" , Y") -^ T{X' , Y'),F{X",Y") 

be the projection maps. We denote by 

e': T{X\Y')xT{X'\Y") — >F{X"®X',Y"®Y') and 
^■. F{X' X)xF{X" ,Y")xT{X"' ,Y"') ^ F{X' ®X" ®X"' X ®Y" ®Y"') 

the compositions 

e o 7^^ = 1r^,^„,r^,^„ o e and (2.7) 

© o © X idjF(x"',y"') = © o idjr(j(^/^y/) x © , (2.8) 

respectively. 

For Banach vector spaces Xi,X2,X3, the composition map 

Cx,: T{Xi,X2) X T{X2,X3) ^ T{Xi,X3), {Di, D2) ^ D2 o D^, 

is continuous as well. If X4 is another Banach vector space, let 

Cx,,X;:J'{Xi,X2) X T{X2,Xs) X /"(Xg, X4) ^ /"(Xi, X4) 

denote the compositions 

Cx; o {Cxa xidj-(X3,x4)} = Cx2 o {id^(Xi,X2) xCxg}- (2.9) 



For Banach vector spaces X, Y, X' ,Y' , X'\ Y", let 



r{X,Y;X',Y';X",Y'') 

C J^{X,Y) X J^{X',Y') X J^{X",Y'') X B{X',X) x B{X,X") x B{Y',Y) x B{Y,Y'') 



(2.10) 



be the space of exact triples of Fredholm operators, i.e. the subspace of tuples {D,D', D",\x,]x,^y,]y) 
corresponding to the commutative diagrams 







X' ^^ X -^^ X" ■ 



■0 



D' 







ly 



D 



>Y 



D" 



(2.11) 



Y'^L^Y^^Y" -0 



with exact rows. For * = ',", denote by 

T*{X, Y; X', Y'; X" , Y") C r(X, Y; X' , Y'; X" , Y") 

the subspace of diagrams (|2.11|) so that D* is an isomorphism. If t^T'{X, Y; X', Y'; X", Y") is as 
in (j2.1ip . the homomorphisms 

jx : k{D) -^ k{D"), ]y : t{D) -^ c{D") 

are isomorphisms; let 

X[:\{D')®\{D")^,\{D), l®r®{\{)x)x)(^a"^x®{a"o\{]Y)), (2.12) 

be the natural induced isomorphism. lii^T" {X,Y ; X' ,Y' ; X'\Y") is as in (|2.11|) . the homomor- 
phisms 

XX ■■ i^{D') ^k{D), iy : t{D') -^ t{D) 

are isomorphisms; let 

1'1:\{D')®\{D")^,\{D), x'®{ao\{xx))®l®r ^t{\{\x)x')®a, (2.13) 

be the natural induced isomorphism. 

With notation as in (|2.10p . denote by 

TTc, VTL, VTR : r(X, Y- X', y ; X\ Y") -^ T(X, Y),T{X' , Y'),T{X\ Y") 
the restrictions of the projection maps and by 

Ct'- T{Xi, X2; Xi, X2; Xi ,^2) X T{X2, X3; X2, X^; X2 ,X^) — > T{Xi, X^; Xi, X^; Xi ,X^) 
the continuous map sending commutative diagrams 

^ X[ — ^ Xi -^ X'{ ^ ^ X'^ — ^ X2 -^ X'^ ^ 



D[ 



Di 



D'{ 



X'^ -^^ X2 -^^ x'i ■ 

to the commutative diagram 



D' 



D2 



Di; 



(2.14) 



•0 



.X'^!^Xs^^X'{ 



0- 



X 



I '1 
1 



)1 , vll 



■ Xi -^^ X'-l 







D'^oD'^ D20D1 D'^oD'l 

*- X'. — ^ X3 -^ X'{ ^ . 



(2.15) 



We note that 

(7rc,vrL,vrR) oCr = (Cx2o(7i"co7ri, vrco7r2),Cx^o(7rL07ri,7rL07r2),Cx^'o(7rR0 7ri,7rR07r2)), (2.16) 

where 

7ri,7r2: T{Xi, X2] X^, X^, X^ 5X2) x T{X2., X^; X2., X^; X2 ., X^) 

— ^ T{Xi , X2; Xi, X2; Xi , X2), T{X2 , X's; X2, X^; X2 , X^) 

are the projection maps. 

Associating the direct sum D' ®D" with the commutative diagram 







.X'^^^X'®X"^^^X" 







D' D'®D" 

\ 



D" 



^ Y' ^^ Y'(BY" ^^^ Y" ■ 







ix(x') = (a;',0) 
]x{x' ,x") = x" 



iy(2/') = (y',0) 



(2.17) 



)Y{y\y") = y", 

we obtain an embedding 

i(s: :F{X' ,Y')xF{X" ,Y") ^,T{X'®X" ,Y'®Y";X' ,Y'-X" ,Y") s.t. 

The isomorphisms ()2.12p and (j2.13p give rise to canonical identifications 

A(idzeZ)) =\{D) = \{D®\dz), (2.18) 

(0,xi)A...A(0,Xfc)(g) ((0,yi)A...A(0,y^))* ^ — ^ xi A. . .Ax^ (g) (yiA...Ay^)* 

^^(xi,0)A...A(xfc,0)(g)((yi,0)A...A(y^O))*, 

for any Predholm operator D: X — )-Y and Banach vector space Z. 
Associating the composition D20D1 with the commutative diagram 



^ Xi -^ XieX2 ^^ X2 ^ 



Di D2-Di®idx2 D2 

y 

*- X2 -^ ^30X2 ^^ X3 *- 



^x{xi) = {xi,DiXi) 

jx{xi,X2) = DiXi - X2 



iy(a;2) = (^2X2,^2) 

)y{x3,X2) = X3 - D2X2, 



(2.19) 



we obtain an embedding 



ic: T{Xi,X2)xT{X2,X3) ^nXi(BX2,X3®X2;XuX2;X2,X3) s.t. 
7rcoic(-C>i,Z:'2) = Cxa (-01,1)2 ) ©idxa, vrLO/,c=vri, TTROic = vr2. 

In particular, /.^7rjdetx,y = C'^^detxi,X3- If -D € J^(X,y), the compositions Doidx and idyoD 
correspond to elements of 



T'{X(BX,Y(BX;X,X;X,Y) and T"{X(BY,Y(BY;X,Y;Y,Y), 



respectively, with the isomorphisms X[ and X(' of (j2.12p and ()2.13p given by 

l(g)l* (g)X(g)/3 — s- x(g)/3 and x(g)/3 1®!* — > x(g)/3 
under the identifications (|2.18|) . 

Exact Triples. There exists a collection of (continuous) line bundle isomorphisms 

^ : TTLdetx'.y ® 7r^detx",y" — > Tr^det^.y (2.20) 

over r{X,Y-X\Y';X",Y") parametrized by tuples {X,Y]X' X'X" ,Y") of Banach vector 
spaces with the following properties. 

Naturality II. The isomorphisms ^ commute with isomorphisms of exact triples of Fredholm 
operators, i.e. for each isomorphism 

^ D'r^ ^ Dt ^ -Dt ^ 

4>',^' 0^ r,-^" (2.21) 

\ \ \ 

^ D'^ ^ Db ^ D'{^ ^ 

of exact triples of Fredholm operators, the diagram 

A(D^) ® X{D'^) ^ X{Dt) 






\{D'^) ® \(D'I,) ^ A(Db) , 

where X<^*,^*;_d* are the isomorphisms (j2.3p and ^t and ^b are the isomorphisms ()2.2ip for 
the top and bottom exact triples in ()2.20p . commutes. 

Naturality III. For each • = '," and i&T*{X,Y;X' ,Y';X" ,Y"), the restriction ^t of ^ to 
the fiber over t is the canonical isomorphism X^ of ()2.12p or ()2.13p . 

Normalization II. For each i^T{X,Y;X' ,Y';X" ,Y") as in (12^0)1 with D'eF*{X',Y') and 
D" € T*{X" ,Y"), ^I't is the canonical isomorphism A^(£)) of Lemma 14.11 for the short exact 
sequence 

— ¥ k{D') — > k{D) — > k{D") — > 

of finite-dimensional vector spaces. 
Compositions. The isomorphisms 

with Di eT{Xi,X2) and D2 eT{X2,X^) provide liftings of ([^ and ([XTUj) to determinant 
line bundles, i.e. the diagram 

\{Di) ® \{D2) (8) X{D3) "^^^''"°' ^ X{Di) (g) X{D3oD2) 

~ I ~ I (2.22) 



X{D2oDi) ® X{D3) ^£!^lf2 ^ A(D30 ^2 oDi 



commutes for all L>i € -F(Xi,X2), 1)2 G -^(^2) -'^s); and D3£j-(X3,X4) and the diagram 
X{D[) X{D'I) (g) A(Z)^) (g) Ap^') '^'^^'^'^ = A(Z)i) ® Apa) 

Cr,; n/^Cr,// „//oid®_R®id gr, „^ (2.23) 

^l'^2 1' 2 ) 

A(L>^oD;) (g) X{D!loD'l) '^'^''^'''' A(D2 o^) 

commutes for all ii E T (Xi , X2 ; X( , X^ ; X(' , X!{ ) and I2 € T (X2 , X3 ; X^ , X^ ; X'^ ,X^). 
Direct Sums. The isomorphisms 



3d 



/,B" = ^D'eD" : X{D') A(Z)") ^ X{D) 



with D'e J'(X',y') and !)"€ J'(X",y") provide liftings of i^T^ and (US]) to determinant line 
bundles, i.e. the diagram 



X{D') X{D") '"•°" ^ X{D'(BD") 

I 

R -^-fi^ „ , 

A(Z)") X{D') '^°"'°' ^ X{D" ® D') 



(2.24) 



commutes for all D'(^T{X\Y') and D"(^F{X",Y") and the diagram 



X{D') ® X{D") ® X{D"') ^11:^1^ a(D') «> X{D"®D"') 

~ I . ~ I 

®D' l5"'Xlid ®D',D"®D"' 

X{D'(BD") ® A(D'") ^'"^''''■''"' . X{D'(BD"(BD"') 



(2.25) 



commutes for all D' G^iX' ,Y'), D"gF{X'\Y"), and D"'(^F{X"',Y 

Theorem 1. There exist a collection of topologies on the line bundles detx,Y — > J-{X,Y) cor- 
responding to pairs (X, y) of Banach spaces and a collection of line-bundle isomorphisms \2. 20\} 
which satisfy the Naturality I, II, III, Normalization I, II, Compositions, and Direct Sums proper- 
ties above. 

Some of the properties listed above are implied by other properties: 

• Naturality I follows from the continuity of ^ and Naturality III; 

• Naturality II follows from Normalization II and the last Compositions property, each applied 
twice; 

• Naturality III follows from Normalization II and the two algebraic Compositions properties 
(via Naturality II); 

• the continuity of ^ follows from Normalization I, II and the two algebraic Compositions 
properties (see proofs of Lemma 15.11 and Corollary 15. 4p ; 



the system of topologies on the hne bundles detx,Y is determined by Normalization I, II and 
the two algebraic Compositions properties (see proof of Proposition 15. 3p . 



By the proof of Corollary 14. 13^ the next property is also implied by the Normalization II prop- 
erty and the two algebraic Compositions properties; in Section 13.21 we deduce the two algebraic 
Compositions properties from the Exact Squares property. 
Exact Squares. For every commutative diagram 















DtL ^ ^TM ^ ^TR ■ 



IL 



IM 



IR 



DcL ^ ^CM ^ ^CR ■ 



(2.26) 



JL 



IB 



IM 



JB 



)R 



^ -Del ^ -Dbm ^ -Drr 















of exact rows and columns of Fredholm operators, the diagram 



A(Dtl) ® A(L'bl) ® A(L'tr) (S) A(Dbr) 

^l'Xj'I'r 

X{Dcl) ® A(Dcr) 



*T®*B o id(g)_R(g)id 



A(i:>TM) <^ A(Z)bm) 

*M (2.27) 
s- A(L>cm) 



of graded lines, where ^* are the isomorphisms (j2.20p corresponding to the top, center, and 
bottom rows and left, middle, and right columns of the diagram (j2.26p . commutes. 
It is thus consistent with [3l Theorem 1] that the Normalization I, II properties and the two algebraic 
Compositions properties completely determine a compatible system of topologies on determinant 
line bundles. The two Direct Sums properties follow from the Exact Squares property applied to 
the two diagrams in Figure [U and the Naturality II property applied to the diagram 



0- 



D" ^ D'QD" 



D' 







-^D" 



D"®D' >-D' *-0, 



By the proof of Lemma 15.5^ the Normalization I property can be replaced by a dual version. Let 

F'{X,Y) = {D(^F{X,Y): k(D) = 0} 

be the space of injective Fredholm operators. For each Dq^T'{X, y), right inverse S: c{Dq) — >Y 
for 

QDo- Y — > c{Do), y — >y + lmDo, 



10 



-^0- 



D' 



^D' *-0 



D"- 



-^D'®D" ■ 



D' ^0 



D" 



D" 



^D' 



^D' 



-^0- 



^ D'®D" ^ D'®D"®D 



I rr-. nil rr: r\lll 



D'" 



D"- 



^D"®D'' 



D" 



Figure 1: Exact squares of Fredholm operators corresponding to the two Direct Sums properties 

and D^T{X,Y) sufficiently close to Dq, the homomorphism 

qooS: c{Do)^c{D) 
is an isomorphism and thus induces an isomorphism 

iDo,S;D-X{Do)^X{D), l(^a^l^{aoX{qDoS)-^). (2.28) 

Putting these isomorphisms together, we obtain a bundle map 

iDo,s-- Udo,sxKDo) ^ detx,Y\un„s (2-29) 

covering the identity on an open neighborhood Udu,s of Dq in J^'{X,Y). 

Normalization t . The map 1do,s is continuous for every Dq € J-'{X,Y), right inverse 
S: c(L'o) — >y of qdo, and sufficiently small open neighborhood Udq,s of Dq in F'{X,Y). 



11 



The determinant line bundle is also compatible with dualizations of Predholm operators. For each 
Banach vector space X, let X* denote the dual Banach vector space, i.e. the space of bounded 
linear functionals X — >!&. For each D G T{X, Y), let D* £ T{Y*,X*) denote the dual operator, i.e. 

{D*^}{x)=l3{Dx) yf3eY*,xGX. 

The map 

V:T{X,Y) — yT{Y*,X*), D — > D* , 

is then continuous. For each DgT{X,Y), the homomorphisms 

VD:K{D)—^c{D*y, {VD{x)}{a+lmD*) = a{x) y x£k{D), aeX* , 

Vd:c{DY ^k{D*), {DD{P)]{y) = P{y+\r^D) V/3g cp)*, y gY, 

are isomorphisms. For each finite-dimensional vector space V , we define 

V: \{V*) -^ A*(y), {V{al^. . . ^an)]{vl^. . . ^vn) = {-Ip^ det (ai(t;,-)ki=i,...,n 



(2.30) 



(2.31) 



and denote the inverse of V also by V. For each exact triple t of Fredholm operators as in ()2.1ip . 
we define the dual triple I* to be given by the diagram 







-^Y 



II* 'y 



yA* 



-y 







D" 



D* 



D" 



(2.32) 



s.t. 



(2.33) 



^ X"* ^^ X* ^^ X'* ^ . 

This defines an embedding 

Pr : T{X, Y; X', Y'; X" , Y") — > TiY*,X*;Y"* ,X"*;Y'* , X'*) 

The advantage of the isomorphism (|2.3ip over the isomorphism induced by the first pairing in (j3.10p 
is that the former fits better with short exact sequences; see the last statement of Lemma 14.21 
Dualizations. There exists a collection of (continuous) line bundle isomorphisms 

V : detx,Y — > V*detY*,x-' (2.34) 

over J-{X, Y) parametrized by pairs {X, Y) of Banach vector spaces with the following proper- 
ties. 
Normalization III. For every homomorphism 5 : L — > {0} from a line, 

Vs{x(^l*)=lt^V{\{V5)x) VxgA(L) = L. 

Dual Exact Triples. The isomorphisms (]2.20p and (]2.34p provide a lifting of (12.33P to 
determinant line bundles, i.e. the diagram 



\[D') ® X{D") 
L 

t 

\{D"*) ® X{D'*) 



\{D) 



M/j* 



(2.35) 



\{D*) 



commutes for every i£T{X, Y; X', Y'; X", Y") as in ([230]1 . 
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By Corollary 15.71 and Section 13.41 each determinant line bundle system as in Theorem [T] determines 
a unique system of isomorphisms P satisfying the above two properties. Furthermore, there is a 
somewhat smaller family of line bundle systems that satisfy a stronger version of the Normaliza- 
tion III property: 

Normalization III*. For each D gT*{X,Y), T>o is the canonical isomorphism induced by 

the first equation (|2.30p and the pairing (|2.3ip : 

A(Z?)^A(D*), x®l* ^1(^V{\{Vd)x). (2.36) 

By Lemma [5.6t the isomorphisms (I2.36P give rise to a continuous bundle map over T* (X, Y) for any 
system of topologies on determinant line bundles as in Theorem [TJ In the proof of Corollary 15. 7^ 
we use this to show that the continuity of (j2.34p is implied by the Dual Exact Triples property. 
However, the latter is compatible with the Normalization III* property only for some determinant 
line bundle systems, including the one specified by the isomorphisms ^t of ()4.10p . 

The dualization isomorphisms T>d given by (|4.13p and the identity isomorphisms Ai^i in (jl.2p seem 
rather natural. However, by Theorem [21 the number of systems of topologies on determinant line 
bundles compatible with these choices is still infinite. 

Combining the Dual Exact Triples property with the Naturality II property applied to the diagram 

^ D"* ^^ {D'®D")* ^-^ D'* ^^ rx(/3) = (;5|y., /3|yO 

{Tx,Ty) 

^D"* — '-^D"*®D'* — Uz)'* ^0, ry(a) = {a\x",a\x') 

where i = (ix,iy) and ] = {]x^]y) are as in (|2.17p . we find that the diagram 

X{D') ® \{D") "^^-^ \{D'®D") 

L „ I ^ 

X{D"*) (8 X{D'*) ®o"*-o'* ^ \[D"*®D'*) 

commutes, i.e. the dualization and direct sum isomorphisms, T> and ©, on the determinant lines are 
compatible. Combining the Dual Exact Triples property with the Naturality II property applied 
to (fOTl) with {D' ,D") = {D2oDi,i(lx2), we find that the diagram 

\{Di) (g) X{D2) ^-^^^ X{D2oDi) 



id 



(2.37) 



L -. I 

X{Dl) X{Dl) "-^ KDloD*^] 



commutes, i.e. the dualization and composition isomorphisms, T> and C, on the determinant lines 
are compatible. 

Section W?2\ provides explicit formulas for the above isomorphisms ^t, Cdi,D2^ ®D'.D", and Vd; see 
()4.10p . (I4.22p . ()4.12p . and (I4.13p . respectively. Such formulas may be useful in some applications. 
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3 Conceptual considerations and comparison of conventions 

3.1 Topologizing determinant line bundles 

For any Banach vector spaces X and Y ^ the overlap maps between the triviaUzations Xq^t of 
detx.y in (|2.6p are continuous. Thus, the triviahzations X^^t topologize detx,y | x-./^^y-i as a hne 
bundle over F*{X,Y), as required by the Normalization I property on pageO By Lemma [STTl the 
resulting topology is compatible with the Normalization II property on page [HI 



For any Banach vector space X and A^gZ-'', let iX;N'- X — 
Y is another Banach vector space, D^T{X,Y), and 0: M - 



•X©M^ be the natural inclusion. If 
— 7>y is any homomorphism, define 



6e:-F(X,y)^7-(X©M^,y) by ie{D) = D^, De{x,u) 
the map lq is an embedding. The exact triple 



Dx + e{u); 



0- 



--X^^X 



pN '^2 



D 



0- 



Y 



id> 



De 



Y- 



pN 



0- 







(3.1) 







and ()2.20p give rise to the isomorphism 

Xe-D : HD) -^ Ape), Xq-M^) = ^i{cj ® f^iv^l*), 
where Q^ is the standard volume tensor on M^, i.e. 

^A^ = ei A . . . A eN 



(3.2) 



if ei, . . . , Cat is the standard basis for M . By the continuity requirement on the family of isomor- 
phisms ^t and the previous paragraph, the isomorphisms Xq-d topologize detx,y over the open 
subset 

Ux-e^{D€T{X,Y): c{De) = 0}. 

Since these open subsets cover J-{X, Y) as ranges over all homomorphisms M^ — > Y and 
N ranges over all nonnegative integers, the isomorphisms Xq-o completely specify the topology 
on detx Y- However, the overlap map 



Xq^-doXq^.j^: tQidet^g 



n,y 



iQ^det^g 



y 



pNi 



Y and 



must be continuous over Ux-Oi ^ Ux-e2 for any pair of homomorphisms 0i 
02 : M^2 — yY. By Proposition 15.31 f^is is indeed the case for the isomorphisms ^i given by (j4.10p : 
the main ingredient in the proof of this proposition is Proposition 14.81 confirming the first alge- 
braic Compositions property on page [8j By Corollary 15.41 the family of these isomorphisms ^t is 
continuous with respect to the resulting topology; the main ingredient in the proof of this corollary 
is Proposition 14.10] confirming the second algebraic Compositions property. 

For each homomorphism 6 : V — > W between finite-dimensional vector spaces, there is a natural 
isomorphism 

Xi6) ^ X{0) = X{V)^X*{W). (3.3) 
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As suggested in [6], a suitable collection of these isomorphisms is fundamental to constructing a 
system of determinant line bundles for Fredholm operators. Unfortunately, [6j makes no mention of 
what properties of a system of isomorphisms (j3.3p are needed for such a construction and gives no 
explicit formula for these isomorphisms. The discussion in [6j is also limited to Cauchy-Riemann 
operators on Riemann surfaces. The convention (12. 2p . which is also used in [5, Section 7.4], is 
compatible with the isomorphisms (j3.3p given by 



Xs: \{5) -^ A(0), X y* ^ {^-i){^{W)-ms)))H<&)) ^ ^y v ® {\{5)v ^w y)\ (3.4) 

V X G \{k{5)) - 0, 2/ G \{t{5)) - 0, t; G \{J- 






where Ay and Aiy are the isomorphisms of Lemma 14.11 This is precisely the isomorphism of 
[F, Lemma 7.4.7] and is used directly to topologize determinant line bundles in the proof of [5l 
Proposition 7.4.8] cl While the properties of (j3.4p necessary for this construction are verified in [5], 
few of the important properties of the resulting determinant line bundles are checked in [5] . The 
isomorphism (j3.4p appears only indirectly in the construction of this paper; see Remark 14.61 



There are alternative ways of constructing a system of determinant line bundles satisfying the 
properties in Section [2l 

(1) A system of determinant line bundles for bounded complexes of vector bundles and isomor- 
phisms for exact triples of such complexes is constructed in [3l Chapter I] . A system of deter- 
minant line bundles for Fredholm operators can then be obtained by associating each Fredholm 
operator with a two-term complex, deducing the Exact Squares property for Fredholm opera- 
tors from that for bounded complexes and the two algebraic Compositions properties from the 
Exact Squares property, and deriving explicit formulas for all isomorphisms. This approach is 
described in detail in Section [ 



(2) One could explicitly specify a collection of isomorphisms Iq-^d as in ()3.2p that are compatible 
with compositions. This is essentially the approach taken in [4], [5], [7], and [8] to topologize 
determinant line bundles, without verifying the properties in Section [2j The isomorphisms (j3.2p 
can be used to define Exact Triples isomorphisms (j2.20p from the Normalization II property, 
imposing the commutativity property of Lemma 14.121 by definition, and to derive an explicit 
formula for these isomorphisms. The Exact Squares property for Fredholm operators can 
then be obtained from the basic Exact Squares property of Lemma 14.31 as in the proof of 
Corollary 14.131 and used to confirm the two algebraic Compositions properties. 

(3) The commutativity property of Lemma 14.121 could be verified for the isomorphism (j4.10p di- 
rectly, without using Proposition 14. 10^ and used to obtain the Exact Squares property as in 
the proof of Corollary 14.131 The two algebraic Compositions properties could then be de- 
duced either from the Exact Squares property or from the corresponding properties for vector 
spaces by an argument similar to the proof of Corollary 14.131 Unfortunately, the proof of the 
special case of Proposition 14.101 corresponding to Lemma 14.121 is as elaborate as the proof of 
Proposition 14.101 itself: the former involves a bit less notation, but exactly the same steps. 



^As shown in the proof of Proposition 15. 31 in this paper, the restriction to injective homomorphisms O in the proof 
of O Proposition 7.4.8] is unnecessary. 
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In all three approaches, the Dual Exact Triples property can be either checked directly or deduced 
from more general considerations. The above listed alternatives can be used to replace parts of 
SectionlHin this paper, but most of Section [5] would still be needed. It appears the overall approach 
of this paper is more efficient than the three alternatives described above. 

3.2 Relation with Knudsen-Mumford 

The existence of a determinant line bundle system satisfying the properties in Section [2] follows most 
readily (but still with some work) from the proof of [H Theorem 1] , which constructs determinant 
line bundles for bounded complexes of vector bundles. Unfortunately, a complete construction of 
a determinant line bundle based on [3j with a verification of all of the properties listed in Section [2] 
and with explicit formulas for the relevant isomorphisms does not seem to appear elsewhere; we 
describe it below. 



For each homomorphism G : R^ — >Y, 

/Ce = {{D,x,u)GUx;e x X^ 



iN . 



{x,u)eK{De)] — > Ux-e 



is a vector bundle. For each D £ Ux;0, the commutative diagram (j3.ip gives rise to an exact 
sequence 

(3.5) 



<5e, ttdJV ©> 



-^ k{D) -^ K{De) ^ W^ ^^ c{D) -^ 0. 
Thus, each homomorphism 0: M — >Y determines a two-term graded complex 







/Ce —^ Ux;e '■ 







(3.6) 



of vector bundles over Ux;e, with /Ce placed at the 0-th and 1-st positions, and a Z2-graded line 
bundle 

£e = A(/C©)0A*(C/x;exM^), 

the determinant line bundle of the two-term complex ()3.6I) . 



For each DeUx-@, let H: t{D) 



r>N 



i be a right inverse for the surjective map 
-^c{D), u — >eiu) + lmD. 



(3.7) 



The diagram 



k{D) 



c{D) 



^D:X 



/Ce 



Se 



D 



{D}x: 



tN 



iD;x{x) = (D,X,0) 



is then a quasi-isomorphism of graded complexes over {D}, i.e. a homomorphism of graded complexes 
of vector bundles that induces an isomorphism in homology. By ^ Theorem 1], there is then a 
canonical isomorphism 

i'e.D:\{D)^Ce\D-X{De). 
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Since any other right inverse for the homomorphism (j3.7p is of the form H + (5eH for some ho- 
momorphism H: c{D) — > k{Dq), Iq-d is independent of the choice of H by O Proposition 2]. If 
Q' : R^ — >Y is another homomorphism and l: M^ — yM.'^ is a homomorphism such that 6 = 0'oi, 

. . . ^ ^ JCe -^^^ Uxe x M^ ^ ^ . . . 



idxidxi idxt 

I , t 

. . . ^ ^ /Cq/ ^^ ?7x;0 xM^' ^ ^ . . . 

is also a quasi-isomorphism of graded complexes. By the proof of [3, Theorem 1], it also induces a 
canonical isomorphism 

2^0', e : -^e — > ^0' 
of line bundles over Ux-e- By the functoriality of the determinant construction of [3l Theorem 1], 

^e';D =^e',e°^e;D- ^(^) — ^ ^e'lo ~ A(De')- 

Since the line bundle maps le'^e are continuous, the isomorphisms I'q.j^ topologize detx,y over 
Ux;0 and endow detx,y with a well-defined topology of a line bundle over J-'{X, Y), which satisfies 
the Normalization I and Naturality I properties. 

The proof of [3.) Theorem 1] produces analogues of the isomorphisms ()2.20p for exact triples of 
graded complexes (j3.6p of vector bundles, with isomorphisms of exact triples of Fredholm operators 
replaced by quasi-isomorphisms of exact triples of bounded complexes. These isomorphisms satisfy 
analogues of the Normalization II, Naturality II, III, and the Exact Squares properties. By the proof 
of Corollary 15.41 an exact triple of Fredholm operators gives rise to an exact triple of two-term 
complexes (over a point). By the analogue of the Naturality II property for two-term complexes, 
the isomorphisms of [3, Theorem 1] then induce via the isomorphisms i'^.f) isomorphisms ^t for 
exact triples of Fredholm operators which satisfy the Normalization II and Naturality II, III proper- 
ties. These isomorphisms depend continuously on t by the proofs of Lemma |5. II and Corollarv l5.4[ 
By the proof of Corollary I4.13| an exact square of Fredholm operators as in (I2.26P gives rise to an 
exact square of two-term complexes. By the analogue of the Exact Squares property for two-term 
complexes and the proof of Corollary I4.13( the induced isomorphisms for exact triples of Fredholm 
operators satisfy the Exact Squares property for Fredholm operators. The proof of O Theorem 1] 
implies the existence of the bundle maps Vd as in (I2.34p satisfying the analogue of the Dual Exact 
Triples property on page 1121 for two-term complexes. These bundle maps T>o satisfy the analogue 
of the Normalization III* property on page [13] in the case of the system explicitly constructed in 
the proof of [31 Theorem 1]; this can be seen from the last paragraph of this section and Section [3.41 

We now show that the two algebraic Compositions properties on page [8| follow from the Exact 
Squares and Naturality II,III properties, thus fully establishing that |3l Theorem 1] gives rise to a 
determinant line bundle system satisfying all properties in Section [2l Applying the Exact Square 
and Naturality III properties to the top and center diagrams in Figure [2] and using the identification 

X{D*oD*) ^ X{D*oD*)(^X{[dx*), (7^ a (^1^1*, (3.8) 

with * = '," or blank, we obtain the two commutative squares in the last diagram in Figure [2j The 
two round arrows are the vertical arrows in (I2.23P : the two half-disk diagrams commute by the 
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definition of Cd*,d*- Thus, the diagram (j2.23p . which consists of the outermost arrows in the last 
diagram in Figure [21 commutes. 

The derivation of the first algebraic Compositions property is more involved. Applying the Exact 
Squares property to the top diagram in Figure El where the left column, the bottom row, and the 
center row are the exact triples (j2.19p corresponding to the compositions D20D1, D30D2, and 
Dzo{D2oDi), with the last one augmented by idx2; 

''^x{xi) = {xi,DiXi,D2DiXi), jy(xi,a:2,X3) = {DiXi-X2,X3-D2X2), 

iy(a:2) = {D3D2X2,X2,D2X2), jy(x4,X2,X3) = {X4,-D3D2X2,X3-D2X2), 

and using identifications similar to (j3.8p , we find that the top left quadrilateral in Figure H] com- 
mutes. The commuting bottom left quadrilateral in Figure [H is obtained by applying the Exact 
Squares property to the second diagram in Figure [3l a similar exact square gives the commuting 
top right quadrilateral. The bottom right quadrilateral arises from the last diagram in Figure El 
The two arrows that run between the same objects in the middle of Figure [H are related by the 
isomorphism of exact triples of Fredholm operators, 

^Di ^D3oD2oDi eidx2©idx3 s- DgoDseidxg ^0 

id (</':'/') id 

^ Di -^-^ D30D20D1 eidx2©idx3 ^-^ 2^30^2 ©idxg ^0, 

where the top row of the exact row is the exact triple p.lOp corresponding to the composition 
{D3oD2)oDi augmented by idxa, 

</>(xi,X2,X3) = (xi,X2,a;3 + D2a:2), 'lpix4,X2,X3) = {X4„X2,X3 + D2X2). 

Since X^^^ = id, these two arrows are in fact the same by the Naturality II property. The two 
half-disk and two triangular diagrams in Figure JH commute by the definition of C. Thus, the dia- 
gram (|2.22p . which consists of the outermost arrows of the diagram in Figure HI commutes. 

The determinant for a complex of vector bundles in [3, p31] corresponds to reversing the two factors 
in ()2.2p . The isomorphism ()3.4p should then be replaced by 

X*{c{5))®X{k{5)) ^ X*{W)^X{V), 



with X, y, V as before. This isomorphism differs from the isomorphism (j3.4p conjugated by the 
isomorphisms (12. ip by (—1) to the power of ()(Im(5), which equals iV— t)(c(D)) in the case of (13. 5p . 
The dependence on t)(c(D)) drops out when taking the overlap maps for the trivializations of 
the new version of the determinant line bundle, and so the isomorphisms (13. 9[) still give rise to 
a well-defined topology on this bundle. The two versions of the determinant line bundle are 
isomorphic by the maps (12. ip composed with (— 1)''^ -* in the fiber over D G J^(X,Y); neither of 
these two maps is continuous, but the composite is continuous. The isomorphism ^t for exact 
triples of Fredholm operators described by (I4.10p for the topology on detx,y specified by (|3.4p 
should then be conjugated by the above isomorphism between the two versions of the determinant 
line bundle. In particular, this changes the sign exponent in (j4.12p to (ind D')d{c{D")), in addition 
to interchanging the kernel and cokernel factors. 
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D[ 






- D'{ 



^ D'2oD[ e idx' ^ D20D1® idxa ^ D'J,oD'l © id^" ^ 



D' 



D2 



n" 



^D'^oD[ 



^D2oDi 



^D'^oD'l 



^ I)2°^i ® idx' ^ ^20^1 e idxa ^ ^2 °^i' ® i^x" ^ 



id 



X' 



idxo 



idx" 



X{D[)^X{D'I)(^X{D'^)^X{D'^) '- ^ X{Di) ^ A(Z)2) 




X{D'2oD[®-idx') <S) X{D'^oD'i®\dx'' 



-^A(L>2 0-Di©idx2) Cd 152 



X{D'^oD[)(S)X{D'^oD'[_ 



*, 



Cr('i>t2) 



-^A(D2oi^l] 



Figure 2: Derivation of the second algebraic Compositions property from the Exact Squares and 
Naturahty III properties 



D^ 



D 



*-0 



^D2oDi eidxa ^D^oD2oDi ©idx2©idx3 ^ D^ ^0 

j 

y 

^ D2 ^ I?30^2 e idx3 ^ ^3 ^ 



D20DI 



*- D20D1 idxa 



■idxo 







-^ DS0D20D1 e idxs ^ As ^ 



DS0D20D1 eidx2©idx3 *-^3 *-0 

j 

■ ' 

^ idxa ^ ^ 



















-^10X2 







-^ D^oD2oDi s- D30D20D1 © idxs ^ ^'^Xi ^ 



^D^oD2oDi ©idx2 ^D^oD2oDi ©idx2©idx3 ^ idxg ^0 

j 
^ idx2 



^0 







Figure 3: Exact squares of Fredholm operators used in the derivation of the first algebraic Com- 
positions property 



X{Di)0\{D2)0\{D3 



id0Cc2,C3 



-^ X{Di) ^ XiD3oD2) 




r^'I'E 



X{Di)(g)X{D3oD2eidx3 



Ci52,i5^®id X{D2oDi®idx2)®X{D3) — ^ A(A3 0^2oi:'ieidx2©idx3) -* A(i:'3oi:)2oi^i©idx2) 



-Di,D.^oD2 



X{D2oDi)^XiDs 



X(DsoD2oDieidx; 



Cd2oCj^,D3 



-^ X{D3oD2oDi] 



Figure 4: Commutative diagram used in the derivation of the first algebraic Compositions property from the Exact Squares and 
NaturaHty III properties 



3.3 Other conventions 

In [U Section 3.1], X{D) is defined as the tensor product of X{k{D)) and X{c{D)*). In [T, Ap- 
pendix A. 2], A(-D) is defined as tlie tensor product of X{k{D)) and X{k{D*)). In liglit of tlie second 
isomorpliism in (|2.3U|) . these two conventions are essentially identical. They implicitly identify 
X*{c{D)) with X{c{D)*). Such an identification is determined by a pairing of X{V*) with X{V) for 
a finite-dimensional vector space V. There are two such standard pairings: 

X(V*)'S>X(V) — >R, aiA...Aan®viA...AVn — ^ det (aj(t;,-))j 7=1 n and 

^n^ ; '■■■' (3.10) 

— > {-1)^2) det (ai(t'j))ij=i,...,n- 

Along with ()3.4p . these two pairings topologize the new version of the determinant line bundle 
in two different ways; the resulting line bundles are isomorphic by the multiplication by (—1) to 
the power of ('^"^^2 ) ™ the fiber over D € T{X,Y). Under the second pairing in (j3.10p . the 
isomorphism ()3.4p precisely corresponds to the isomorphism [U (3.1)]. On the other hand, the ana- 
logue of (13. 4p used in the proof of ^ Theorem A. 2. 2] corresponds under the first pairing in (I3.10p 
to (13. 4p without the sign; see [H Exercise A. 2. 3]. In the case of (|3.5p . the exponent of this sign 
is {N — c{d))c{D), which changes the overlap maps between the trivializations of the determinant 
line bundle by (—1) to the power of {N' — N)d{c{D)) . The overlap maps in the proof of [U Theo- 
rem A. 2. 2] thus need not be continuous if N — N' is odd and so do not topologize the determinant 
line bundles. 

In [U Section (11a)], X{D) is defined as the tensor product of A(c(D)*) and X{k{D)). In (Tj 
Section 1.2], X{D) is defined as the tensor product of X{k{D*)) and X{k{D)). In light of the 
second isomorphism in (I2.30p . these conventions are essentially identical. Under the second pairing 
in (|3.10p . the isomorphism (j3.9p becomes [HI (11.3)]. Under the same pairing, the isomorphism (j3.9p 
corresponds to the isomorphism of [7, Theorem 2.1] multiplied by (—1) to the power of 

(5(VF)-t)(c(5)))(ind(5)+5(K((5))t)(c(J)) ^d{W){md6) + c{6) mod 2. 

In the case of (13. 5j) . the sign exponent reduces to N{mdD)+d{c{D)). The dependence on d{c{D)) 
drops out when taking the overlap maps for the trivializations of this version of the determinant 
line bundle, and so the isomorphism of [71 Theorem 2.1] gives rise to a well-defined topology on this 
bundle. It is isomorphic to the determinant line bundle of [H, Section (11a)] by the multiplication 
by (—1)'^^^ in the fiber over D G J^{X,Y). The interchange of factors in X{D) accounts for the 
change of the sign exponent in the direct sum formulas, [7^, (3)] and [H^, (11.2)], from (j4.12p . as 
explained at the end of the last paragraph in Section | 



In [6l Section 1] and [21 Appendix D.2], X{D) is defined to be either 

X{K{Dy) ^ X{c{D)) or X*{k{D))^X{c{D)); 

the notation is somewhat ambiguous, but looks more like the former. However, the usage in |6] 
is more consistent with the latter; the usage in |2j is sometimes more consistent with the latter 
and sometimes more consistent with the formero While X{k[D)*) and X*{k[D)) are canonically 



^For example, the last equality in the last displayed expression in the proof of ^j Proposition D.2. 2] uses the 
latter definition, while [2^, (D.2. 9)] uses the former. 
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isomorphic, there are at least two choices of such canonical isomorphisms, the two provided by the 
pairings (j3.10p . The "construction" of the determinant line bundle in [6] consists of mentioning 
that each homomorphism 6 : V — > W between finite-dimensional vector spaces gives rise to a 
natural isomorphism 

X{k{D)*) (S) X{c{D)) ^ \{V*) ® X{W) or X* {k{D)) ^ \{c{D)) ^ X* {V) ^ X{W) , 

but no indication is given what it is. In the proof of [21 Proposition D.2.2], this isomorphism is 
described as a composition of other isomorphisms, but some of them are not specified o The con- 
struction in [21 Appendix D.2] is fundamentally based on [SJ Proposition D.2.6], though its proof 
appears to be incomplete; see Remark 14.91 for details. However, the statement of this proposition 
is the basis for the construction of the determinant line bundle in this paper and a close cousin 
of this proposition, Proposition 14.101 is used to verify the continuity of the bundle map (j2.20p for 
families of exact triples of Fredholm operators. Neither [21 Appendix D] nor [6] confirms most of 
the properties of the determinant line bundle stated in Section [21 

As noted in [6i Section 2], the section of detx,y in the definitions of [H Section 1] and [2, Ap- 
pendix D.2] given by 

/T^N I l*(X'l, if D is isomorphism; 
a{D) = < (3.11) 

\ 0, otherwise; 

is continuous; there is no such section if det^^y is defined as in (j2.2p . [1], [5], [7], or [8]. The 
definition of detx,y in [SI Section 1] and [21 Appendix D.2] thus comes with a natural normalization 
for the topology, but it does not restrict the topology of detx,y any further than the properties 
in Section [21 see Section 13. 4[ The alternative definitions seem more natural from the geometric 
viewpoint, as typically the spaces n{D) describe tangent spaces of some, ideally smooth, moduli 
spaces, and so it seems desirable not to dualize them. The alternative definitions also lead to a 
somewhat nicer appearance of formulas describing key properties of the determinant line bundle 
system; for example, [2], Proposition D.2.2] reverses the order of the factors in the isomorphism of 
Lemma 14.11 

3.4 Classification of determinant line bundles 

There are infinitely many systems of determinant line bundles that satisfy all properties in Sec- 
tion [21 Theorem [21 stated and proved in this section, describes all of them. 

For each exact triple t of Fredholm operators, we denote by ^t the isomorphism ()4.10p . Suppose 
{^[} is another collection of isomorphisms for exact triples of Fredholm operators satisfying all 
properties in Section [21 

Let t be an exact triple as in (12. lip and 

e' : M^' -^ Y' and G" : M^" -^ Y 



'*In addition, (detF)~^ should be detF at the end of the statement of this proposition and det//2 should be 
(deti/2)* in the second-to-last displayed equation in the proof; the first change is necessary for the section (|3.1ip to 
be continuous in the finite-dimensional case. 
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be homomorphisms such that D' G Ux';B' and D" G Ux" 



;)yoe" ■ 



Let iV = A^'+iV", i: 



pN' 



pN 



be 



the inclusion as M^ x O'^ , and j : M^ — > M^ be the projection onto the last N" coordinates. 
We define 



6: 



pN 



e 



/'. TaN" 



X, 

X", 



e{x', x") = XY (e'(x')) + e"(x") v {x', x") e m^' eM^" 

Q"{x")=]y{Q"{x")) 



Vx" GM^" 



Thus, the first diagram in Figure O where the right column is the exact triple 

.m^'^^rA^^^M^" .0 



3n' 



m 



3nii 



0- 



-^0- 



0' 



■0- 



■0, 



is an exact square of Fredholm operators. By the Normalization II and Exact Squares properties, 
the collection {^[1 i^ thus determined by the isomorphisms 

X'q.d : \{D) -^ Ape), i'eA'^) = ^K^ ® ^^^1*), 
corresponding to the exact triples (j3.ip with D^^Ux-e- 

Given D&J^{X,Y), let XcX be a linear subspace such that the operator 

D:X — ^ImL>, x — > Dx, 

is an isomorphism and Qd : M^ — > y be a homomorphism inducing an isomorphism to c{D) 
when composed with the projection Y — >c{D). There is an exact square of Fredholm operators as 
in the second diagram in Figure O where the right column is the exact triple 



0- 



-^ k{D) ^ k{D) 



pNd 



-^0 



0- 







<D) 



]Nt 



0- 



0. 



By the Naturality II, III and Exact Squares properties, the collection {^[} is thus determined by 
the isomorphisms ^'^ ^ corresponding to the exact triples 



0- 



()j+2c , 







0- 



(3.12) 



-^0- 



■0, 



where the middle arrow is the projection onto the last c coordinates. 
Let ^j_cGlK* be such that 



where ^i^c is the isomorphism (j4.10p for the exact triple (|3.12p . In particular. 



(3.13) 
(3.14) 
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>-D' 



D'e' 



■Jn' 



^D 



De 



■JN 



D" 






-^JN" 



^D 



^0 



D 



-^ Ok(D),c(D) ^ 



D ^e,, (0«(D),c(D))e^ 



■JNd 



■JNd 



^D 



D De^ 



De 



^ ^ JN-No 



■jNr 



■JN 



-^ jN-No 



Figure 5: Exact squares of Fredholm operators specifying a determinant line bundle system 



For each homomorphism B : M — > Y and D € Ux;D, there is an exact square of Predholm 
operators as in the last diagram in Figure O By the Naturahty III, Normahzation II, and Exact 
Squares properties and (|3.13p . 

Xq.^, = AindD,0(c(D))2^e;D, ^j,c S M+, i € Z, cE Z-°, c> -z, ^i,o = 1 Vi . (3.15) 

The overlap maps between these isomorphisms are the same as before and in particular are con- 
tinuous. The isomorphisms (j3.15p are compatible with the isomorphisms 

I', = :pyh^(mM^(^i^ , x{6) -^ A(0) , (3.16) 

whenever 6 : V — ?■ W is a homomorphism between finite-dimensional vector spaces. The isomor- 
phisms 

Id: X{D) -^ A(Z)), a -^ AndA^WD))^ - 

give rise to continuous isomorphisms between the determinant line bundles in the original and new 
topologies. The suitable exact triples and dualization isomorphisms are given by 

^Tr'-T ~.T, „T^l^T-l _ Andg',0(c(DO)AndD",0(c(g")) .t, 
W^— Id oWiO 1^, (g)l^„ — Vt , 

AndD,0{c(D)) 
-n' — ztindDT- ^.f^ „T-1 — AJndP And£',0(c(Z))) ^ 



A_ 



mdD,B(K(D)) 



if t is as in (j2.1ip . The extra factors of A-i^i in the second equation above are needed to achieve 
the Normalization III property on page [T2l while preserving the Dual Exact Triples property. In 
the case of the exact triple (|3.ip . ^[=I@-d, as the case should be. The new determinant line bun- 
dle system also satisfies the Normalization III* property if and only if A_k^f: = A_i ^ for every /cGZ"*". 

The above argument also implies that the Normalization III and Dual Exact Triples properties on 
page [8] determine the dualization isomorphisms Vd completely. Putting everything together, we 
obtain a complete description of systems of determinant line bundles. 

Theorem 2. The map specified by |g. i^[ j sends each system of determ,inant line bundles satisfying 
the properties in Section\^ other than Normalization III* , to the functions 



{(i,c): ieZ, ceZ+, c>-i] — ^ M+ , (i,c) — > A, 



l.C 1 



and is a bisection with the set of all such functions. The determinant line bundle systems that also 
satisfy the Normalization III* property correspond to the subset of the above functions satisfying 
A_k^}^ = A^i ^ for all k G Z+. In particular, the compatible systems of topologies on determinant 
line bundles are in one-to-one correspondence with the admissible systems of isomorphisms Ig as 
in I13.3\) . Ili3.4\ ), and 113. 16\) and with admissible systems of isomorphisms ^t as in Ii2.20\) . 

By Theorem [2] and the preceding discussion, the section S of det*xY given by 

I 0, if D is not an isomorphism; 
is continuous. This is the analogue of the section ()3.1ip for the convention (12. 2p . 
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Remark 3.1. According to [8l Remark 11.1], there are two possible sign conventions for the 
determinant hne bundle and the sign convention in [8l Section (11a)] is the same as in [3]. As 
described above, the setup in [SJ Section (11a)] corresponds to the setup in [3l Chapter I] via the 
second pairing in (j3.10p . The alternatives for [8l (11.2)] and [H (11.3)] specified in [51 Remark 11.1] 
for the "other" sign convention do not satisfy the key commutativity requirement on the preceding 
page in [8]. In order for this requirement to be satisfied, the sign in [51 (11.2)] must be kept 
precisely the same (contrary to what is explicitly stated in [51 Remark 11.1]); this convention 
would then correspond to the setup in [3l Chapter I] via the first pairing in (j3.10p . Furthermore, 
by Theorem [21 there are infinitely many possible sign conventions, at least several of which seem 
quite natural. The isomorphisms (j3.15p satisfy the two requirements above the diagram on page 150 
in [5] provided ^o,i > 0. These systems of isomorphisms can be narrowed down by replacing the 
Normalization III property on page 1121 with the Normalization III* property (y4_jt fc = A^]^ ^ for all 
A;GZ+), by specifying the dualization or direct sum isomorphisms, i.e. 

^— i,i+c ^ ^— i,i^i,c or Aic^-Aq^i y i^/L^ c^/L— , c>—i, 

and/or by requiring the isomorphisms Zg to be given by 

Is: X{S) ^ X{0), 1(^1* ^{det6)~^v0v* , 

whenever 5 : V — > V is an isomorphism and v G X{V)—0 {Aq^c = 1 for all c E Z+). The strongest 
of these additional conditions, specifying the isomorphisms for direct sums of Fredholm operators, 
seems to be the least natural requirement to make. 

4 Linear algebra 

4.1 Finite-dimensional vector spaces 

In this subsection, we make a number of purely algebraic observations concerning finite-dimensional 
vector spaces that lie behind the determinant line construction. 

Lemma 4.1 ([21 Proposition l(i)]). Every short exact sequence 

— >V' ^V ^V" — ^ (4.1) 

induces a natural isomorphism 

Av:X{V')^X{V")^X{V). 

Proof. If v[, . . . ,v'j^ is a basis for V' and vi, . . . ,vi&V are such that j (f i ) , . . . , j (f^) is a basis for V" , 
t)']^A...Az;^ and j(ui) A. . . Aj(u^) span X{V') and X{V"), respectively. By the exactness of ()4.ip . 
i(f']^), . . . , i{v'f^),vi, . . . , f^ is basis for V and so the map 

Ay: v[A. . .Av'k (g) j(fi)A. . .Aj{ve) — > i(wi)A. . .Ai(u^) Ai;iA...Ai;f (4.2) 

induces an isomorphism X{V')S'X{V") — > X{V). By the exactness of (j4.ip . each Vi^V is determined 
by ]{vi) G V" up to a linear combination of i{v[), . . . ,i(w^), and so the right-hand side of (14. 2p is 
determined by v^ , . . . , u ^ S F' and j (ui ),..., j (v^ ) G V" . Changing the collections v'l, . . . ,v'f^GV' and 
vi, . . . ,ve(zV hy a kxk-matrix A' and an ^x£-matrix A, respectively, changes the wedge products 
of the first k vectors and the last i vectors by det A' and det A, respectively, on both sides of (|4.2p . 
Thus, the isomorphism induced by (j4.2p is independent of the choices of collections v[, . . . ,v'i^gV' 
and vi, . . . ,ve(zV as above. It clearly commutes with isomorphisms of short exact sequences. D 
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The next lemma follows immediately from the definitions of V in ()2.3ip and of Ay above. 
Lemma 4.2. For every finite- dimensional vector space V , 

v{v*) = {Vvy vvEA(y)-o. (4.3) 

For every isomorphism 5: V — >W between finite- dimensional vector spaces, 

\{5*)V[{\{5)vY)=V{v*) V?;eA(y)-0. (4.4) 

For every short exact sequence |^.i[ j, 

V[{\{x)v' ^vv"Y) =V{v"*)Av*X{i*r^V{v'*) yv'eX{V')-0,v"eX{V/x{V'))-0. (4.5) 

From (14. 2p . we immediately find that the isomorphisms Ay of Lemma [4. II satisfy graded commuta- 
tivity, as described by the next lemma. Corollary 14.41 below is a special case of this lemma (either 
yTR = OoryBL = 0). 

Lemma 4.3 ([31 Proposition l(ii)]). For every commutative diagram 





s- Vtl ^ ^M ^ ^R ^ 



s- VcL ^ VcM ^ VcR ^ 



s- y^L ^ l^BM ^ l^BR ^ 







of exact rows and columns, the diagram 



A(Vtl) ® X{Vbl) ® A(yTR) ® A(yBR) 
A(ycL) ^ A(VbR) 



Avtm'^^^bm °id®-R®id 



VcM 



A(yTM) «) A(yBM) 



Avr 



A(ycM) 



commutes. 

Corollary 4.4. For every commutative diagram 

O^^^Flr'^^^O 



Vic 



^CR 



Vll 
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Trr 



of 4 exact short sequences, the diagram 



/\v^f-,&d 



A(Vll) ^ A(Vlr) ® A(yRR) ^ A(Flc) ® A(yRR) 

\{Vll) A(ycR) ^2 A(ycc) 



commutes. 



4.2 Exact triples of Predholm operators 

We begin this subsection by extending the isomorphism of Lemma [4. II to exact triples of Fredholm 
operators. It is immediate from the exphcit formula (j4.10p for the new isomorphism that it satisfies 
the Naturality II, III, Normalization II, and Direct Sums properties in Section [2j We verify that 
it also satisfies the Dual Exact Triples property with Vjj given by (J4.13P and the two algebraic 
Compositions properties. 

We will use the natural pairing of a one-dimensional vector space L with its dual given by 

L*(g)L — ^R, a(g)V — >a{v). 

If y is a finite-dimensional vector space and v£X(y), we denote by 

(v) = dim y -F 2Z € Z2 
the degree of v as an element of the Z2-line X(y). 

Proposition 4.5 ([21 Proposition D.2.3]). Every exact triple i of Fredholm, operators as in /i2.11\) 
induces a natural isomorphism 

^t: X{D')®X{D") ^ X{D). 

Proof. By the Snake Lemma, (I2.11|) induces an exact sequence 

-^ k{D') ^ k{D) ^ k{D") a c{D') ^ c{D) ^ c{D") -^ 0. (4.6) 

By Lemma |4. 11 there are then natural isomorphisms 



X{k{D)) « X{k{D')) A(Imjx), A(k(Z)")) ~ A(Imjx) ® X{lmS), 

X{c{D')) ^ X{lm6) «) A(Imiy), A(c(D)) « A(Imiy) ^ X{c{D")). 



(4.7) 



Putting these isomorphisms together and using the natural evaluation isomorphisms, we obtain 

X{D') (g) X{D") = X{k{D')) ® X*{c{D')) ® X{k{D")) ® X*{c{D")) 

^ X{k{D)) (g) A*(Imjx) (g A*(Imiy) (g X*{lin6) (4.8) 

A(Imjx) (S) X{lmd) «) X*{c{D)) A(Imiy) w X{k{D)) (^ X*{c{D)). 

This establishes the claim. D 
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For computational purposes, it is essential to specify the isomorphism of Proposition 14.51 explicitly. 
With the notation as in ([2TT]) and ([O]) . let 

et = (ind D")d{c{D')) + d{c{D))d{lm S). (4.9) 

For t corresponding to (12. IIP , we define 

^i{x0{X{6)v A,(^D')wT ® {XOx)u AniD")v)(^{XOY)yy) 



, , ,, (4.10) 

(-l)''(A(ix)xA«(B)n) (A(iy)u; A,(B)y) , 



whenever 



X. ^r^'^^ ^l <D) \ ^f <D") \ J c{D') \ / t{D) 

xeX{K{D')), u£X{ . / ',,, , veXi . ; .' ], wGXi ^, \' , yGXi , 



xx{4D'))J' \]xiK{D))J' \5iK{D"))J' '^ Wi<D')) 

x,u,v,w, y 7^ 0. 

Thus, ^t satisfies the Normalization II and Naturality II, III properties. 

Remark 4.6. li 6 : V — > T^ is a homomorphism between finite-dimensional vector spaces, the 
isomorphism (|4.10p applied to the exact sequence 

0^0 — y k{6) — >V ^W ^ c{6) ^0^0 (4.11) 

induces the isomorphism 

^5 : X*(W) ^ X(y) -^ X{5), ^si(3 'S^x) = ^t,(l«>/? «) X01*), 

where ^t^ is the isomorphism ()4.10p for the exact sequence (I4.11|) . Explicitly, 

^sUmvAww)* ® (uAvv)) = (-l)»(^)«('^)+(«(^)-^W'5)))«(^W)n w*, 
if n G X{k{6)) - 0, ve X{V/k{6)) - 0, we X{c{6)) - 0. 

Thus, 

^0 o ^7^ : X{6) — > A(0) = X{V) (g) X*{W), 

u^w* ^ (_l)(5(H^)-a(c{5)))o{c(5)) ^uAvv) (8) {X{6)vAwwy, 

is precisely the isomorphism (j3.4p . 

For any D'£j'{X',Y') and D"£T{X",Y"), let 

®D',D" ■■ KD') XiD") -^ X{D'®D") 
be the isomorphism ^t in (|4.10p corresponding to the diagram (j2.17p . Thus, 

®D',D"{{x'l^■ . .Ax'j,,)(^{y[A. . .Ay;,)* ® i^i^- ■ ■/\Xk„)(E>{y'lA. . .Ay^',)*) 

^(_l)(indD"McP'))((^;,0)A...A(x^„0)A(0,x;')A...A(0,x^'„)) (4-12) 

^ {iy[,0)A. . .A{y'fj,0) A iO,y'l)A. . .AiO,y';.)y , 
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whenever 



x'l A. . .AXfc, e X{k{D')) - 0, y[A. . .Ax'^,, E X{c{D')) - 0, 

Xi A. . .a4'„ E A(k(Z)")) - 0, y'lA. . . Ay"„ G A(c(Z)")) - 0. 



The two Direct Sums properties on page [9] follow immediately from (j4.12p . 
The next proposition shows that the isomorphism 

Vd:X{D) -^ X{D*), x®a -^ {-lf'''^^^^^<^^^X{VD){Va) ®V{X{Vd)x), 



(4.13) 



which satisfies the Normalization III* property on page [T3t satisfies the Dual Exact Triples prop- 
erty. The extra factor of (— 1)^(h^)) in (|4.13p arises for the same reason as in the paragraph 
containing (|3.9p . Due to this extra factor, the compositions of T>d with T>d* are the multiplication 
by (—1)"^'^^, not necessarily the identity, whenever the Banach spaces X and Y are reflexive. 



Proposition 4.7. For every exact triple ^2.11\) of Fredholm operators, the diagram ^2. 35)) com- 
mutes. 



Proof. With notation as in (12. IIP and (I2.35p . we define 
eL = {indD'){\nAD") + {\nAD')D{t{D')) + (indD")c)(c(Z)")) + Cf, cr = et + (indZ))t)(c(D)). 



The isomorphisms p.30p intertwine the analogue of the exact sequence (|4.6p for i* and the dual 
of (SB: 



k{D'' 



^1^ i^(D*) -^^ k{D'*) -^^ c{D'' 



Vr 



Vd 



Vr,i 



vi„ 







c{D 



ll\* 'Y 



c{Dy 



■ c{D'y 



k{D" 



-c{D*) 
k{DY 



■c{D'*) 
k{D'Y 



VI, 



(4.14) 



•0. 



In particular, 

c)(Im5*) = t)(Im5) = t)(K(£'')) + ^{<D")) + t)(K(Z))) = c)(c(D')) + K<D")) + c)(c(D)) 
and so 2|(eL-eR). 
Let x,u,v,w,y be as in ()4.10p . By (j4.14p . we can compute ^t* using 



X = X{VD")V{{X(:)Y)yr) G X{k{D"*)), 



u 



X{VD)V{{X{xY)wr) G A 



v = X{VD>)V{{X{5)vr)eX(- 



k{D'*) 



y = x{vhr^v{ix{ix)xr)ex(^ 



i*y{K{D*)) 

ciD*) 



w = A(P|)„)"'^((A(ix)n)*) G A 






5*{k{D'*))J' 



]\{t{D"*)) 
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By ()4.3p . (j4.4p . and the commutativity of the diagram (j4.14p . 

V{X{Vd')x) = {X{\*x)y)*, (4.15) 

X{VD')r{w*) = X{x*y)u, X{Vd')X{6*)-^V{v*) = v, 
X{Vn)V{y*) = X{rY)x, X{Vd)X{x^)-^V{w*) = u, 
X{Vn")X{]x)u = V{w*), X{Vd")v = X{6)-^V{v*) 
X{Vd)X{xx)x = V{y*), X{Vd)u = XijxY^Viw*). 

Combining each pair of identities on the last four lines above with (j4.5p . we obtain 

X{Vd')V{{X{5)v \(D')wr) = X{^)u A,(D'*)V, (4.16) 

X{Vn)V{{X{xY)w A,(z))y)*) = A(j^)x A,(^*)U, (4.17) 

V{X{Vd"){X{]x)u /\^(d")v)) = {X{6*)v A,^D"*)wy , (4.18) 

V{X{VD){X{ix)x A,(z))n)) = {X{rx)w ^^d-^v)*, (4.19) 

respectively. By KW . KT5\\ . KWh . KTEh . and dHO]), the image of 

x^{X{6)v A,(^D')wr (A(jx)n A,(B„)«)®(A(jy)y)* G X{D') ® X{D") (4.20) 

under ^ i* oT) £)ii ®T) £)i oR is 

{-lY^{XCfY)x A,(^o^^u) ® {X(:fx)w \^D,-^yy e X{D*). 

By (jUnD, (liHB . (HTTD . and (liTJl) . the image of the element (lOOl) under Voo'^'i is 

(_1)^r(A(j^):e A,(^.)n) ® (A(j3,)u; A,(B.)y)* € A(I)*). 
Since 2|(eL — cr), this establishes the claim. D 

For any DieF{Xi,X2) and Da £-^(^2,^3), let 

Cd,,d, : A(Di) ^ X{D2) -^ X{D2oDi) 

be the isomorphism ^t in (|4.10p corresponding to the diagram (|2.19p . The exact sequence (j4.6p in 
this case specializes to 

-^ k{Di) -^ k{D2oDi) a k{D2) a c{Di) a c{D2oDi) -^ c{D2) -^ 0, (4.21) 

S{x2) = -X2 + ImZ?i. 

Let 

eD„D, = {mdD2)d{c{Di)) + {d{c{Di)) + d{c{D2)))d{Im6). 

Then, 

CouDiixi^iv A,^Di)w)* (8) (A(i:'i)n A^(£,2)v)(g)y2) 

= (-l)'^i'^2 (Xl A«(B2oDi)W) ® {X{D2)W \(^D2oD^)V2)\ 

whenever 

xiGA(k(Di))-0, y2GA(c(I?2))-0, ^e^(^^^y^) -0' 
^ / k(L>2) \ J X2 \ 

V^X\ -^ , 77 ;^-^ —0, WGA ,^ , 7:; ;— ^ —0. 
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(4.22) 



Proposition 4.8 (Commutativity of ()2.22p . [21 Proposition D.2.6]). For any triple of Fredholm 
operators Di: Xi — >X2, D2: X2 — >X^, and D3: X3 — yX/j^, the diagram \2. 22]) commutes. 

Proof. We denote by D"D' the composition D"oD' of two maps D' and D" and define 

eL = ^Di,D2 + ^D2Di,D3 , CR = ^D2,D3 + ^01,0^02 ■ 

For i = l,2,3, let 

Xi€A(K(A))-0 and y^ € A(c(A)) - 0. 

For (i,j) € {(1,2), (2, 3), (1,23), (12, 3)}, let 



where Di2 = D2Di, 1)23 = A A, and X23 = X2; see Figure [H Below we choose these elements in a 
compatible way. 

Applying Lemma 14.11 to the exact sequence (j4.2ip with Di and D2 replaced by Di and Dj with 
{i,j) as above, we obtain 

^(^(A)) = (■"12,3) + (^12,3), ^(c(A)) = (^^1,23) + (1^1,23) , 

d{c{DjDi)) = t)(c(A)) + Hc{Dj)) - {vij), ind AA = i^d A + ind A , 

where {i,j) = (1, 2), (2, 3). From this, we find that 

(^L = A + C{{vi^2) + {vi2,3)) + {ui2,3){vi,2) mod 2, 
eR = vl + C((v2,3) + (wi,23)) + (■^2,3) (1^1,23) mod 2, 

where 

^=(indAA)-f(c(A)) + (indA)-J'(c(A)), C = c)(c(A)) + ^(c(A)) + ^(c(A)). 



In light of the top row in the first diagram in Figure O the bottom row in the second diagram, and 
Lemma l4.H we can take 

tii,23 = ui^2 /\ K(D:iD2Di) ui2,3 and tt;i2,3 = A(A)'u;i,23 A X3 W2,3 ■ (4.24) 

Along with Corollary [331 these equalities insure that 

{{xi/\KiD2Di) ^^1,2) /\KiD3D2Di) -"12,3) «) (A(A)wi2,3 \{DsD2Di)y3)* 

= {xi A^(z)3£,2Di)^l,23) (^ (A(AA)li'l,23 \{D3D2Di) (A(A)li'2,3 \{DsD2) Vs))* 

in \{D^D2Di). In light of the right column and bottom row in the first diagram in Figure [UJ the 
top row and left column in the second diagram in Figure [H and Lemma |4. 11 we can take 

U2,3 = A(Di)ni2,3 f\ n(D.j,D2) /U, Wl,23 = ^'1,2 A ^(DaDa) /") 

■yi2,3 = A(A)/" A k(03) f2,3, ■W^l,2 = /^ A Xa ■u;i,23 

K{D3)nIm{I32-Dl) K{D2)+lm(D^) 
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k(Z)2Di) 



.T* 



^^^' 



Bl 



k{D2 



*^^ 



4- 



"^ K(152)nIm(Di) 






K{DaD2Di) 
k{Di) 






Di 



O^^ 



^^^' 



k(D3D2£>i) 

_ k{D2Di) 



Di 



K.{Ds.D2) 



^^"^ 



•^ <D2) 



f^{D3D2) ^ l^{D3D2) ^n 

K{D3D2)nIm(Di) K(D2)+K{D3D2)nlm{Di) ^ 



k{D3D2) 



D2 ^ k(D3) 



<f 



KiD2)+K(D3D2)nlm{Di) K(D3)nlm(D2Di) 



<^<>' 



X2 



"^ K(D2)+Im(Di) 



152 



^t{D2Di) 



^^ 






X2 



D2 



■i-' 



K(D3D2)+lm{Di) 



X3 



K(D3)+lm{D2Di) 



^^ 



^<^'^ 



«(g3) 



K(D3)nlm{D2) 



K)"^ 



^^ 



C{D2 



X3 



t 



K(D3)+lm{D2) 



^■^^ 



Figure 6: Commutative diagrams of exact sequences used in the proof of Proposition 14.8 



for some 



/i G A 



k{D3D2) 



k{D2) + k{D3D2) nlm{Di) 



In light of the left column of the first diagram and the right column of the second diagram in 
Figure m (|4.26p . and Corollary 14.41 we can take 



X2 = A(Di)ni,2 AniD2) ^1,2, X3 = A(Z)2^l)ni2,3 ^k{D3) ^12,3 = A(L'2)u2,3 ^^(03) ^^2,3 



(4.27) 



2/2 = V2,3 /\,(D2) ^2,3, yi = ^1,2 Ac(Di) ^1,2 = ■^1,23 ^^(Di) ■'^1,23 • 

Combining the above definitions of X2 and y2 with (I4.26P and applying Lemma 14.31 to the two 
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(4.28) 



diagrams in Figure [6l we find that 

X{D2)WI,2 \[D,D,) y2 = (-1)<-2.3)(»1.23>^,2_3 A,(^^o^) Wi2,3. 

By g^l, (I12ZD, and (|05D . the images of 

xi(^y* (^ X2(8)y2 ® X'i^vl ^ KDi) ® KD2) Aps) 
under Cd2oDx,Dz ° (^Ui.Da'X'id and Cdi,DsoD2 ° idi^C^Da.Ds are 

(_1)^L+(^'2,3>K,23> ((2;^ A^p^Di) 1*1,2) A«(D3D2Di) 1*12,3) ® (A(i?3)u;i2,3 A,(^3^,B^) ys) * and 

(_1)^R+("12.3>W,2>(^^ A,(^3^,fl,)ni,23) » (Ap3i^2)u;i,23 AcC^sD^Di) (A(I)3)lX'2,3 Ac(D3D2) ^s))*, 

respectively. By (j4.23p . the second and third identities in (j4.26p . and ()4.25p . these two elements of 
\{D2,D2Di) are the same, which establishes the claim. D 

Remark 4.9. The proof of this crucial proposition in [2^ Appendix D.2] does not appear to 
establish anything. Up to notational differences, it describes an expression for 

{Cd2oDi,D3 oC'D,,D2(g)id}(xi(g)yi ® X2®yl (^x^^yl) G X{DsoD2oDi) 

without any signs and simply claims that 

{Cdi,D3oD2 oid(S^CD2,D3}{xi<^yl'S^X2'S'y2^X3(S)y^) G X{D3oD2oDi) 

is given by the same expression, without providing an explicit formula for Cdi,D2j using the state- 
ment of Lemma 14.31 or indicating the significance of the grading of the lines A(V^). As illustrated 
by the proof of Proposition 14.81 above, the two expressions require auxiliary terms from different 
vectors spaces and it takes significant care to show that it is possible to choose them compatibly. 
Furthermore, there are two typos at the end of the proof of the closely related |2| Corollary D.2. 4] 
with two subscripts that should be different being the same and resulting in the order of two factors 
switched between the statements of [21 Proposition D.2. 3] and p, Corollary D.2. 4]. 

Proposition 4.10 (Commutativity of (j2.23p ). For any pairs (ti,t2) of exact triples of Fredholm 
operators as in \2.14^ , the diagram 112. 23\) commutes. 



Proof. We continue with the notation described in the first sentence of the proof of Proposition [47 
and define 

ti2 = Cr(ti,t2), eL = {indD'DiindD'^) + e^./^^,^ + e^^'^o^' + et^j , eR = et^ + ei^ + eD^,D2 ■ 

For A; = 1,2 and • =',", let 

4eAW«J))-0, .UAWDM-O, <.a(j-j_^5±1__)_„. 
With -k denoting ','' oi' a blank, let 

V <D{) J \KiD*2) nlm{Dl) J V^p2)+Impt)y 
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see Figures El and El For A; = 1,2, 12, let 

where D'^2 — ^2-^1 ^"^^ -^12 ~ -^2-^1'' ^^ ^^^ connecting homomorphisms in the sequences 
corresponding to ti, t2, and ti2, respectively, and 



with ii2=ii, ji2 = ii> and 12 + 1 = 3; see Figures [7] and El Define 



X. 



w"(^\[ , . ,' ^ .^ J -0 by w" = \(:n)w". 



Below we choose these elements in a compatible way. 

In order to describe the two relevant signs, we define 

A = (ind Z?2 ) (c'l + c'l + 4) + (ind D'i + ind D'^) c'l + c" 4 , C = c'l + c'/ + Cg + C2 , 

^L = <4 + K + 4')(^') + {^'l + ^'2){v") + ((i;') + (^"))(^12), 
^R = C'l'c'2 + (4 + 4')(^l) + (C'l + C'i')(^2) + {{Vl) + {V2)){V), 



where k* = '0{k{D*)) and c* = i)(c(L'*)) with i = l,2 and ■k = ' ," . Applying Lemma WA\ to the exact 
sequences ()4.6p with D* replaced by I?^, for * = '," and blank and k = l,2,12, and (j4.2ip with D^ 
replaced by Dt, for * = '," and blank and k = l,2, we obtain 



indD2 = indZ)^ + indZ)^', t)(c(A)) = c)(c(Z)^)) + c)(c(D^')) " (vk) , 

ind-Dp'/ = indZ?;' + indD^', d{c{D^D^)) = d{D^) +d{c{Dt,)) - {v*). 



(4.29) 



From this, we find that 



eL = A + C{{v') + {v") + {vi2)) +An + (^12), 
eR = ^ + C{{vi) + {v2) + {v)) + Al + {Vl) + {V2), 



(4.30) 



modulo 2. By the identities in the second column in ()4.29p . 

{v) + {vi) + {V2) =C- d{c{D2Di)) = {V12) + {v') + (t;") . (4.31) 

From the exact sequences (14. 6p and (I4.2ip . we also find 

< = (U,) + (V,), < = (Vi) + (w,), 4 = (u^) + {v"), c{ = (v*) + {w"), 

where i = l,2 and * = ',''. From this, we find that 



{u){ui) + (u;")(t(;2) + {w'){u2) + (^t'OW) + (^)('yi2) 

^ ^L + ^R + {{Vl) + {V2) + {V12)) {{v') + {v") + {v)) 



(4.32) 



modulo 2. 
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In light of the bottom row and right column in the first diagram in Figure [71 the top row and left 
column in the second diagram in Figure O and Lemma |4.H we can take 



u = A(ii)u' Ak(D2Di2 /U, 

W = 7] A 



Ui2 = ni A ^(D2Di) fJ', 

K{D2l3i)nIm(ii) 
-1, 



K{D2)+Im(Di) 



w', wi2 = A(i3 oD2)r] A 



W2 



(4.33) 



ig {Im(i32Dl)) 



for some 
/i G A 



k{D2Di 



rj £ X 



h\<m)) 



k{Di) + k{D2Di) nlm{ii) J "' '' ^'\K{D2)+}2H<D'^))r\lm{Di), 

Along with Lemma 14.31 applied to the two diagrams in Figure [71 these equalities insure that 

{{X{\i)x[A^(^Di)Ui)A^,(^D2Di) u) {X{D2)wA,(^D2Dr) (A(i3)w2 Ac(D2) 2/2 ))* 

= (-l)<-')<"^)+<-")<-^)(A(ii)(x;A.(^,^,) u') A.(^,^,) u,2) (4.34) 



(g) (A(i3)u;i2 \(D2D^) {KD2)w" A y'^))*, 

Im{i3) + Im(D2Di) 



in X{D2Di). 



We next make use of the three commutative diagrams in Figure [HI They can be viewed as the 
three coordinate planes in 1? , with all three diagrams sharing the center and any pair sharing an 
axis. We choose v' ,w' , U2,V2,vi,u" , fj, arbitrarily, then find y[,wi,vi2,v so that 



v' \{Di) w' = y[ = X{6i)vi A,(£,^) wi, vi A^j^^D^ u" = (-l)^""^<'"^^A(ji);U A ^(o»o//) U12, 

ilC^CDi)) Jl(«;(-D2)) 

A(i2)^;' A .(z,2) U2 = (-l)<'"'><"2>A(L»i)/z A 

K(152)nlm(i2-Di) 



(4.35) 



«(P2) ^) 

fc{D2)ram{i2Di) 



and finally take r], X2 , v" so that 



A(i2)^'A ,-!,,,,,„ V2 = {-l)^^^^''''h{D^o]-y,2/\ 



jr-(K(i3.")) -') 



<D2)+Ini{i2D[) K(C2)+Im(i2Di) 

A(i2)n2 Ak(D^') V2 = X2 = X{D'l)u" Ak(D^') v" . 

By Lemma 143) applied to the three commutative squares in Figure [H (I4.35p . and (]4.36p . 

X{Dio]~^)[vi A ,(o»c») u") A --i(^(^p) (A(i2)u'i A j-i(.(o»)) t'") 



(4.36) 



-1) 

-1) 

-1) 

-1) 
-1) 



""><-^>A(i2)(A(<5i)^;i A,(z,,) u;i) A,-i(^(,,,„ (A(Z)1>" A.(z,^,) t;") 



Im{i2Ci) 



"")<-^)A(i2)(«' A,(^,) «;') A !(„(,,,„ (A(J2)tX2 A,(B») i;2) 



Im{i2Ci) 



^{D2)nIm{i2Di) 



'2''("(Q2) 



(A(i2)w' A 



'2''(''(-P2) 



V2) 



Im(i2Di) ^{D2)+Im(i2-Di) 

V'>K)+(^>(^i.>(A(D,);,A^^(z^,^^;) A .(„(,„„ (A(i?ioj-i)t,i2A .(,(,,,,, r?) 
""><"'i>A(Dioj-i)(A(ji)^ A^^£d^ 1^12) A,-i(,(^.)) (t; A i-i,,,o»„ v)- 



)l{«{02)) 



"to^feD^r J2 l(«;(D^'))nIm(Di) 
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<D[] 






^<D'^D[) 









■k{D^) 



k{D2Di 



_^ k{D2Di) 






«(£>i) 

K(Di)nIm(ii) 



«(g2gi) 



^/ 



n(D2Di)nlm{ii) 



<^ 



,^ 



-^0 



«(g2gi) . n 

K(Z)i)+K(D2Di)nIm(ii) ^ 



ia" (^(^2)) 



X2 



^ 



K(D2)+J2"'(K(D^'))nIm(Di) fi;(D2)+Im{Di) 



u^oDi 



X' 



^-^ 



^i3-^{Im{D2Di)) 



^^ 



ii-i{Im{D2)) 



^2 



C(I)2 



Xa 



'^ 



.^^^ 



i2-^(4i5^'))+Im(Z)i) 



^2 



X3 



Im(i3)+Im(D2Di) 



^ 

Im(i3)+Im{D2) 






Figure 7: Commutative diagrams of exact sequences used in the proof of Proposition 14.101 



Along with the second equation in (|4.35p . this gives 



A(i2)u;i A j-i(«(o")) ^" = (^ A 



J2-l(K(D^'))nIm(Di) 



]2 «D2)) 



rj). 



J2l(K(D^'))nIm(Di) 



(4.37) 



In addition to the choices of y'l and X2 specified in (j4.35p and (j4.36p , we take 
x'i = \()i)ui A«.(£,//) vi , X{}2)yi = v" A,(£,^) w" , 

4 = X{D[)u' A«(£,/) v' , y2 = \{62)V2 \(D'^) W2 ■ 



(4.38) 



38 



^^ 



K,{D'2)nIm{D[) 



-<D'i] 






X' 



^«(D^)+Im(Di) 






K.(D2) 

K,{D2)nlm{i2D[) 



h'JMD'^)) 



"^ Im(i2D;) 



hlMPi)) 



"^ K{D2)+lm{x2D{) 



^"^ 



K(D2)nIm{i2) 






k(Z)^') 



^ 

\)'> 



J2(k(D2)) 



4^ 









5i 



^^ 






i2-^(Im{Di)) 



J2"'(^(^2)) 



i2~'(«(g2)) 
J2-^(«(D^'))nIm(Di) 



D'' 






f^(^2) 






K{D^')nIm(Di') 



^^ 



^ 



n{D2Di) 
K(Di)+K{D2Di)nIm(ii) 

t^(D2) 



K{D2)nlm(i2D[) 



n 4^2) 

" K(D2)nIm(Di) 



h{«{l)i)) 



Diojj 



i2~'('^(g2)) 
Im(i2Di) 



i2"'(«(^2)) 
j^^(K(D^'))nIm(Di) 






^^ 



ji(«;(D2Di)) 
Dioj-l 

i2"'('^(g2)) 
K(D2)+Im{i2Di) 



i2"'('^(g2)) 
K(D2)+J2"'(K(D^'))nIm(Di) 



Figure 8: Commutative diagrams of exact sequences used in the proof of Proposition I4.1UI 



By (|i33]) . the last two equations in (jMS]), the first equation in (f06|) . (fOTl) . and Corollary |131 

A(i2)u;i A,(B^) y'/ = v \(d^) w , A(i2)x2 Ax{D2) ^2 = (-1)<"''^<"2U(L>i)m A«(^2) v , 

X{D'^)w' A,^D',Di) y'2 = {-^t^^"''''^K^i2)vx2 \iD',Di) ^u , (4.39) 

4 ^.{D-D'o ^" = (-i)^""^^"^^A0i)ni2 ^n{D'iD'{) «i2 ; 

the third identity above also uses 

KD'2) = Kh'°D2) o A(i2) , X{62) = X{\s^oD2) o AOa)-^ , A(5i2) = A(i^ioD2) o A(L'ioj-i) . 

By (j4.10p . the second equality in the first identity in (j4.35p . the first equality in the last identity 
in (|4.36|) . the first and last equations in (|4.38|) . (|4.22|) . and the first two equations in (|4.39p . the 
image of 

x[^y[* ® x'l(S){X{J2)yir ® 4®y2* ® 4'^(A03)y2)* e X{D[) ® X{D'I) A(D^) X{D'^) 

under Cdi,D2 ° ^ti®^t2 is 

(-iy^M^')(-2}^^X{ii)x\A,^D,)Ui)A,^D2D,) u) (Ap2)^A,(z),i,,) {X{h)w2A,^D2)y2)y ■ 

By (j4.22p . the first equality in the first identity in (j4.35p . the second equality in the last identity 
in (|4.36p , the second and third equations in (j4.38p , (|4.1Up , and the last two equations in (|4.39p , the 
image of this element under ^ti2 ° Cd' d' '^Cd" d" o id(8)i?(8)id is 

(E) (A(i3)«;i2 \{D2D^) {KD2)w" A y'i))* . 

Im{i3) + Im(I52Dl) 

By (j4.34p and (|4.30p - (|4.32p . these two elements of X{D2Di) are the same, which establishes 
the claim. D 

4.3 Stabilizations of Predholm operators 

We now describe stabilizations of Fredholm operators which are used to topologize determinant 
line bundles in the next section. In this subsection, we use them to deduce the Exact Squares 
property on page [10] from Lemma 14.31 



For any Banach vector space X, N^Ij-^, and homomorphism 0: R — yY, let 

iX;N--X^Xe'^^, De:X®R^ ^Y, and le-D'- X{D) ^ X{De) 



be as in Section [3l Since D = Dqolx^n and the projection 7r2 : X0M — )-M identifies c(tx;7v) 
with R , ()4.22p gives rise to the isomorphism 

Ze,D:X{De)~^X{D), Ze;B(a) = c;^^^,Be(l®(f^^°A(7r2)) ® a), (4.40) 

where Q.^ is the standard volume tensor on R^ as before. 
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Lemma 4.11. Let X and Y be Banach vector spaces. For any homomorphism 0: M — >Y and 
DeT{X,Y), 

Proof. Let 

(5:K(£)e) ^c(tX;iv)SM^ and 5:M.^ ^ c{D) 

be the connecting homoniorphisms in the exact sequences ()4.2ip and (j4.6p corresponding to the 
composition D = Diqolx;N and the exact triple (j3.ip . respectively. From the exact sequences 

— >lm6 — yc{LX;N) — yc{D) — yc{De) — ^0 and 
— >lm6 — > c{D) — > c{De) — > 0, 
we find that 

t)(c(L»e)) =d{c{D))-N + d{lm6) =d{c{D)) -d{lm6), 

e^e + (ind D)N mod 2, (4.41) 

where e and e are the sign exponents in the equations (j4.22p and (j4.10p corresponding to the com- 
position D = DQOiX;N and the exact triple (j3.ip . respectively. 

In order to describe the maps Xe;D and Tq-^d-, we choose 



u e A 



K{De) 



xe\{K{D))-0, yexl- — - — ——] 



w e X 



X 



r,N 



ImD + lmQ^ 

s.t. X{Tr2)[v A xjm^w] =nN. 



From (|i:22|) and (|i30|) . we find that 

^0;D{{X{iX;N)xA^(D@)v) (S> V*) = {-^Yx (g) {X{De)w A,(£,)y)*, 

I0;d{x ^ {X{De)w A,^D)yT) = {-^y{Ki'X;N)xA^(^De)v)®y*- 
Combining this with (I4.4ip . we obtain the claim. 

For any exact triple 5 of vector-space homoniorphisms of the form 

^M^'^-M^^M^" -0 



(4.42) 
D 



Y 



e' 

7 'Y 



e" 



(4.43) 



Y '^ . Y" 



■0, 



we define A^ G M* by 

X{i)i}x' AiRjv Qn" = AsQn; (4.44) 

this number of course depends only on the first row in (j4.43p . If I is an exact triple of Fredholm 
operators as in ()2.1ip . we denote by t^ the exact triple 



■X'i 



pJV' 



ixffii 



■X(. 



t,N 



)x®1 



0- 






ly 



4 



■X 



'/^Tn>N" 



-^0 



jy 



y 

■Y' ■ 



of Fredholm operators. 



41 



Lemma 4.12. For every exact triple i of Fredholm operators as in 112. 11\) and for every exact 
triple s of homomorphisms as in ^.^S^ , the diagram 



t 

\{D') ® X{D") - 



*t. 



(_l)(indD')iV"A,*t 



- A(Z)0) 



commutes. 

Proof. By our assumptions, the diagram 



0- 



X' 



ix 



-^X 



)x 



^x" 



'-X';N' 



^X'i 



t>N' 



ix©i 



l-XiN 



^Xi 



t>N 



)x(B-) 



0- 



t 
-Y'- 



ly 



-Y- 



l.X»:N" 
t 



-^0 



)Y 



r 

Y'- 







commutes. By (j4.10p applied to the exact triple tx in the top half of this diagram and (|4.44p . 

where 112 '■ X*0R^ — ^-M^ is the projection on the second component and -k ='," or blank. Thus, 
the claim follows from Proposition 14. IOI applied to the above diagram, along with (j4.40p . D 



Corollary 4.13 (Exact Squares). For every commutative diagram Ii2.26\) of exact rows and columns 
of Fredholm operators, the corresponding diagram ^2.27^ of graded lines commutes as well. 



Proof. We augment the domains in (j2.26p by a commuting grid of finite-dimensional vector spaces, 
obtaining a version of the commutative diagram (J2.26P with surjective Fredholm operators; the 
conclusion of this corollary holds for such a diagram by Lemma 14.31 The diagrams ()2.27p corre- 
sponding to the original and new diagrams ()2.26p are related by Lemma 14.121 This gives rise to a 
cube of commuting diagrams; see Figure [H We put the new version of (12.270 on the back face and 
the diagrams arising from Lemma 14.121 on the top, right, bottom, and left faces; this forces signs 
on each edge of the front face in order to make the last four diagrams commute. The resulting sign 
distribution on the edges of the front face may be different from the sign distribution (no signs) on 
the original version of (I2.27p . However, by Lemma 14.31 the two sign distributions are equivalent 
at least if the original diagram consists of surjective Fredholm operators. Since the signs involve 
only the dimensions of the supplementary finite-dimensional vector spaces and the indices of the 
Fredholm operators (not the dimensions of their kernels or cokernels), it follows that the two signs 
distributions are equivalent in all cases; this establishes Corollary 14. 131 



We denote the range of the operator D^* by Y**. Let 



YcL, GbriM'^^^^Icm, 
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A(Dtl)®A(Dbl)®A(Z?tr)(»A(L'br) 

I 

I 

- I - 



*T®*Boid(8)-R®id 



-^ A(L'TM)«)A(i)BM) 



iTM^lB-b. 



A(L'tl)®A(Z)bl)®A(L>tr)<»A(L'br) 



(_l)eT ^rj,(g)$g o id(g)R(g)id 



(-l)'=LlI'L(g)*P 



A(Dcl)€DA(Z)cr) 



5cl8)2^r 



A(L'cl)®A(Dcr) 



i-iy-B^c 



^c 



APtm)<»A(L> 



BMj 



(-1)'R*M 



A(Dcm) 



Jc^ 



APcm) 



Figure 9: The cube of commutative diagrams used in the proof of Corollary 14.131 where i)** = (D**)0^„ , li,* =2^6*. ;D** , and ^^ are 
the isomorphisms (I2.20p corresponding to the top, center, and bottom rows and left, middle, and right columns of the regularized 
version of the diagram (|2.26p described in the proof 



be homomorphisms such that 

c((Z)TL)e.O,c((DTR),,,e™)'^((^BL)j,„eBj'^((^BR)j^oj,oeBa) = 0- (4.45) 

Let 

Ntm = Ntl + Ntr, Ncl = iVxL + Nbl, Nqr = iVxR + Nbr, Nbm = Nbl + Nbr, 
We define 9^* : R^** — >Y^^ for (*, *) G {T, C, B} x {L, M, R} - {(T, L)} by 

0TR=JTO0TR, 0BL=Jlo6bL, ©BR = JR o jc o ©BR = JB o Jm o 6bR, 

©TM(a;TL,a;TR) =iT(0TL(a:;TL)) +0tr(2;tr), 0CL(a:;TL,2;BL) = iL(©TL(a;TL)) +©BL(a;BL), 
0cr(2;tr, 2;br) = iR(0TR(2;TR)) +Jc(0br(2;br)), 

0BM(a;BL,2;BR) =iB(0BL(a;BL)) +JM(0BR(a:^BR)), 

0CM(2;TL,a;TR,a;BL,a:;BR) = iM(0TM(a;TL,a;TR)) +ic(0BL(a;BL)) + 0BR(a:BR) 

for all x^* G M^** with {*,*) € {T,B} x {L,R}. For any N' < N, we denote by i : R^' — > M^ 
and j : M — ?>R the inclusion as M ®0 and the projection onto the last A^' coordinates, 

respectively. We also define 

i': M^cL ^M^cM^ i'(xTL,XBL) = (xtl,0,xbl,0), 

)': K^CM _^ ^Ncn^ i'(xTL,XTR,XBL,XBR) = (xtR,Xbr), 

for all Xi,^ eM^**. In particular, the diagram in Figure [TO] commutes and its 6 rows and 6 columns 
are exact. 

By the commutativity and exactness properties of the diagram in Figure [TOl the diagram ()2.26p 
with D^,^ replaced by Z)^* = (D^*)0^. , tc : -^CL — ^-'^CM and jc : -'^CM — ^-'^CR replaced by 

icet' : XclSM^cl _^ Xcm(BR^''^ and JcSj' : XcmSM^cm _^ XcReM^ca^ 

respectively, and the remaining homomorphisms i* and j^, on X^,o by i^©i and j^©j on X^,o®M^*°, 
respectively, still commutes and its 3 rows and 3 columns are still exact. Thus, by (|4.45p . the 
Normalization II property on page [H and Lemma 14. 3| the diagram on the back face of the cube in 
Figure [9] commutes. Let Z^^, =Z0^,:/)^, be the isomorphisms defined by ()4.40p and 

CT = NtrNbl + (indi:>cL)A''TR + (indDTR)A''BL + (indDBL)A''BR, cr = (indi:'TM)A''BM, 
eg = A^'trA^'bl + (indi:>cL)A^CR, cl = (indi:>TL)A''BL + (indi:>TR)iVBR- 

By the commutativity of the 3 pairs of exact rows and 3 pairs of exact columns in Figure [TO] and 
Lemma 14.121 the diagrams on the top, right, bottom, and left faces in Figure [9] commute. This 
implies that the diagram on the front face of Figure [9] commutes as well. By Lemma 14.31 



ex + eR + cb + eL e 2Z (4.46) 

if c(Z)**) = {0} for {-k, *) e {T, B} x {L, R}. Thus, (j4.46p always holds (which can also be checked 

directly), which establishes Corollary 14. 131 in all cases. D 
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Figure 10: The panel of commutative diagrams, with exact rows and columns, used in the proof of Corollary 14.131 to regularize the 
square grid (I2.26P 



5 Topology 

It remains to topologize each set detx,y as a line bundle over J-{X, Y) so that the Normalization I 
property in Section [2] holds and the fiberwise homomorphisms (j4.10p give rise to continuous maps. 

5.1 Continuity of overlap and exact triple maps 

For Banach vector spaces X,Y,X' ,Y' ,X" ,Y" , let 

T*{X,Y;X',Y';X\Y") C T{X,Y;X\Y';X" ,Y") 



denote the subspace of short exact sequences as in (j2.1ip with surjective Predholm operators 
D,D',D". 

Lemma 5.1. Let X,Y,X' ,Y' ,X" ,Y" be Banach vector spaces. The family of maps ^t given 
by Ii4-10^ induces a continuous bundle map 

^ : 7rLdetx',y' <8> n^detx" ,y" — > t^c^^^xx 

over T*{X, Y; X',Y'; X" , Y"). 

Proof We abbreviate r*{X,Y;X' ,Y';X" ,Y") as T*. Let to G T* be as in ([ZTTD . with ah seven 
homomorphisms carrying subscript 0, and T: Y — >X, T' : Y' — >X', and T" : Y" — >X" be right 
inverses for Dq, D'q, and Dq, respectively. For each t as in (12. lip sufficiently close to to and * = '," 
or blank, let 

be as in (|2.5p : this map depends on the choice of T*. We need to show that the map 

*to;t : A(/.(Z?^)) ^ X{>^{D'^)) -^ A(k(Z?o)) (5.1) 

described by 

^t(A($-|.Jx'ol*(g)A($-J.Jx"(g)l*) = (A($^J.J*to;t(x'(8)x")) 1* 
depends continuously on t € T* near to . 

Since any homomorphism D' or D sufficiently close to D'q or Dq is surjective, the sign in (|4.1Up 
is +1. Let x[, . . . ,x'f, be a basis for k{D'q) and xi, . . . ,xi^k{Dq) be such that ]x-fi{xi), . . . .,)x-fl{xe) 
is a basis for k{Dq). If t as in (|2.1ip is sufficiently close to to, #^}.^(x']^), . . . , <I>~}.^(x'^) is a basis for 
K.{D') and 

]x{^-^]jx,)),...M^~^\M))eX'' 

is a basis for k{D"). In particular, 

^x{^DlM'^)r^. . .Aix(l>Bj;t(4)) A '^dIM)^- ■ ■^'^oliM 

= 9ii) ^Dl;i{^x-A^'i))A. . .A<l>^;,.t(ix;o(4)) A '^dIM^/\- ■ ■^'^dIM'^ 
for some M"^- valued continuous functions / and g. The homomorphism ()5.ip is given by 

^to;t((2;i A. . .a4)«'0x;o(2;i) A. . .Ajx;o{xi))) = jj-T ix;o(a;'i) A. . . Aix;o(4) A Xi A. . .Ax^ 
and thus is continuous. D 
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Corollary 5.2. Let X and Y be Banach vector spaces. For any homomorphism G: M — >Y, the 
family of isomorphisms Iq-d given by |^.^0| j induces a continuous bundle map 

overT*{X,Y). 

Proof. By Lemma r4.11l Iq-d is the inverse of the isomorphism ±Iq^o given by l\3.2\i . By Lemma FS-lt 
the family of isomorphisms I@-d induce a continuous bundle map 

le : detx,y — > '■edetj^-^^iv y 

over J^*{X,Y). This implies the claim. D 

Let X and Y be as above. The subsets 

Ux;e^{DeT{X,Y): c{De) = O} 

form an open cover of J-{X, Y) as Q ranges over all homomorphisms M — >Y and A^ ranges over 
all nonnegative integers. We topologize detxxluxe ^Y requiring the bundle isomorphism 

iQdetxs)RN^Y — ^detx,y, cr — > Ie-D{cr) ^ aeX{De), D£T{X,Y), 

to be a homeomorphism over Ux-o with respect to the topology on the domain induced by the 
topology on detjf0]gjv y |jr,(jf0]jjv y) described at the beginning of this section. We next show that 
this topology is well-defined. 

Proposition 5.3 (Continuity of transition maps). Let X and Y be Banach vector spaces. For any 
homomorphisms 0i : M^^ — >Y and @2- ^^^ — ^Y, the bundle map 

^@.2\D°^^i\D'- i-e-^deixcQM.'^iy > tejdetj^^^jjiva^y, 
is continuous over Ux-eir\Ux;e2- 
Proof Let N = Ni+N2, 

be the canonical embeddings, and 



N 



l^k:X 



for k = l,2. Define 



Thus, the diagram 



e:M''^y by 0(^1,^2) = ei(ni) + 62(1*2). 
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commutes. By Proposition 14.81 the diagram 

...... ApeJ.... 

.■■■■■ Ai 

^©2;De^ ;:: 

id®Ct^.-^.l3(_j J^ 

A(tx;JVi) ® A(ti;x) X{De) '■ ^ K^X;N^) <8) A(L>ei) 

t c y 

Ape) ^ - X{ix;N) A(Z)e) ^^^^-^ A(D) 



I 

A(tX;JV2) ® A(i2;x) «) A(Z?e) ^^^^^ ^ A(iX;7V2) «) A(De2) 



Iei;DQ^oIii.o 



....-42- 

Ape^) 



also commutes (excluding the dotted arrows). We define the isomorphisms A,Ai,A2 in this dia- 
gram by 

A{a) = l0n*NoX{Tr2)(^cr, Ak{ak) = 1 n\oX{Tr2) (^ (Jk, (5.2) 

where it2 : c(tX;Affe) — ^-M^* is the isomorphism induced by the projection X©M^* — > M^*=; thus, 

Ie;D = Clx.n^Dq o a , Iek;D = Cix;N^,De^^ ° Ak, k = 1,2. 
Let R: X©M^ — ^X©M^ be the isomorphism given by 

R{X,UI,U2) = {x,U2,ui) y{x,ui,U2) G X©M^i©R^2 

and 

iR;D=iR,idy\De-HDe) -^ \{DeoR-^) = X{lR^idy{De)), 
^R;Ni=^id^^j^N2,R-'-\'-xm^2;N^ : X{ix(BR^2;Ni) — > X{R' °i^X(bm.^2;Ni) = A(i2;x) 
be the corresponding isomorphisms as in (j2.4p . 

Since ii-x = '-xeM^i ■,N2 ' 

{id(E)C,,.x.^,Dey\M^e2;DeM^)) = 1® (^^^ oA(7r2)) lO(r?^2oA(^R;^2)) ® ^> 



where vrR;7V2 • c(''i;x) — ^-M ^ is the isomorphism induced by the projection X©R — >M. '^ onto 
the last A'^2 Euclidean coordinates. Since 

C.^;iVi/l;x(l®(f^k°A(vr2)) l®{n},^oX{7Tn;N2))) = ("1)^^^^ ® (f]J,oA(^2)) 

by (022]), we find that 
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On the other hand, i2;X = -R ^°''X®r^'2-Ni- By Proposition H?8l appUed to Dp,oR ^oi^^jjiVj.^^ and 
the Naturahty III property on page [51 the diagram 

' L ~ I 

A(^xeiR^2;7vJ«>A(D0oi? ^) ^A(L»0j 

commutes. Since 

where 7rL;Ari : c{i2-x) — >M.^ is the isomorphism induced by the projection X©R — s-R^ onto 
the first A^i Euchdean coordinates, 

Since 

C.x;iV2,^2;x(l®(^k°A(7r2)) 1 ® (S^|,, o A(^L;7V J )) 

= (-l)^l^n ^ (A(^j^.l^^)J]^^ A X{7Ty^^)nN,y = 1 (S^^oA(^2)) 

by (jl22|), we find that 

From (fOj) . (fOj) . and ([531), we conclude that 



The outer maps on the right-hand side above are continuous over Ux-eiriUx-Oi by Corollary [521 
while the middle map is continuous over Ux-eiriUx-e2 by Lemma [57X1 D 

Corollary 5.4 (Continuity of ([2:20]) ). Let X, Y, X', Y', X" , Y" be Banach vector spaces. The family 
of maps ^i given by ( (^. JO[ j induces a continuous bundle map 

^: nl^detx'^Y' "X" 7rJ^detx",y" — > Trjdetx.y 

over T{X, Y; X' , Y'; X" , Y"). 

Proof We abbreviate TiX,Y-X',Y';X",Y") as T. Let to G T be as in ([2TT]l . with ah seven 
homomorphisms carrying subscript 0, and 

e' : rA^' ^ Y' and 9" : R^" -^ Y 

be homomorphisms such that D'q € Ux'-e' and Dq ^ f^x";jy.ooe"- Let 7V = iV' + iV", i: M^' — >R^ 
be the inclusion as M^ xO^ , and j : M^ — > M^ be the projection onto the last A^" coordinates. 
For each t € T as in (12. lip , define 

Q^:^N ^ X^ 0^(2./^ ^/') = ^^ (0'(^')) + e"(x") V {x\ x") G M^' eM^" , 

e;' : M^" -^ X", Q'l{x") = ]y{Q"{x")) Vx" gM^" . 
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Thus, the diagram s(t) given by 

^RN' ^^^N, 



0' 



Ot 



]Y 



0'/ 
t 







^ Y' — -^ Y ' ^ Y' ^ 

commutes for every exact triple t as in (j2.1ip . and we obtain an embedding 

T -^ T{XeR^,Y; X'eR^',Y'; X"eR^",Y"), t — y t 



(t)- 



Since A^u\ = 1, by Lemma [4. 121 the diagram 



X{D') X{D") - 



*! 



(t) 



(_l)(mdD')iV"^j 



ApeJ 



commutes. By the definition of the topologies on the determinant line bundles, the vertical arrows in 
the above diagram induce continuous line-bundle isomorphisms over the open subset of T consisting 
of the exact triples t as in (j2.1ip so that D' G Ux'-e' and D" G Ux"-e"- By Lemma [5?H the top 
arrow induces a continuous line-bundle isomorphism over the same open subset. Thus, the bottom 
arrow in this diagram induces a continuous line-bundle isomorphism as well. D 

5.2 Continuity of dualization isomorphisms 

We begin by verifying the Normalization I' property on page \TT\ see Lemma 15.51 This allows 
us to confirm the continuity of (|2.36|) over J^*{X,Y); see Lemma 15.61 The continuity of (|2.34|) 
over J^{X, Y) then follows from the Dual Exact Triples property on page [T7[ see the proof of 
Corollary EH For each DeJ='{X,Y), let 



be the projection map as before. 



<D), 



y 



y + ImD, 



Lemma 5.5 (Normalization I'). Let X,Y be Banach vector spaces. For every Dq^J^'{X,Y) and 
right inverse S : c{Dq) — >Y for qo^, there exists a neighborhood Udq,s of Dq in T'{X,Y) so that 
the bundle isomorphism \2. 29\) is well-defined and continuous. 

Proof. By the Open Mapping Theorem for Banach vector space, 

Udo,s = {DeT\X,Y): Y = ImDelmS} 
is an open neighborhood of Dq in J^'{X, Y). Let 

TTx , vr^ : y = Im Z^o ® Iiii 5 — > Im Dq , Im S 



1-1. 



be the projection maps and Dq : IuiDq 

Do-.X - 



-^X he the inverse of the isomorphism 
ImDo; X — > Dqx. 
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For each DgUdq^Si the map 

tl^Do;D-Y ^Y, y ^ DoD^^o7Tx{y) + TTs{y) yy(^Y, 
is an isomorphism so that 

D = ^pD■,Do°Dooidx^ and tpD:Doiy) - '4'D;Do{S{qDoiy))) ^^^D. 
By the last property, 

^idx ,i>D;Do = ^Do,S;D- HDq) > X{D). 

Since tpDo;D depends continuously on D, the claim follows from the continuity of (j2.20p and the 
Naturality III property. D 

Lemma 5.6. Let X,Y be Banach vector spaces. The family of maps T)£, given by 1^2. 36\) induces 
a continuous bundle map 

V:detx,Y ^'D*detY*,x' 
overT*{X,Y). 

Proof. Let DqGJ^*{X,Y), T: Y — >X be a right inverse for Dq, and 

7rT:X = K{Do)®ImT — > k{D), x — yx-TDx VxGX, 

be the projection map. Thus, the homomorphism 

S:c{Dq) — >X*, u + IuiDq — ^aU(Do)°7rT, 

is a right inverse for qd*. By the Normalization I property on page[5]and Lemma [5. 51 it is sufficient 
to show that the map 

iDls;D*°'^DoiDo,T;D-Do-- KDo) ^ X{D) -^ X{D*) -^ X{D*o) 

depends continuously on D£Udo,s- By ()2.5|) . (12.360 . and (12.280 . this map is given by 

x(g)l* ^1(^V{X{Vd„)x), 

which establishes the claim. D 

Corollary 5.7 (Continuity of (j2.34p ). Let X,Y be Banach vector spaces. The family of maps Vu 
given by |^.i3| j induces a continuous bundle map 

V: detx.y — > P*dety*,x* 

overT{X,Y). 

Proof. Let D € J^{X, Y) and : M — > 1" be a homomorphism so that D € Ux;B- By the Dual 
Exact Triples property for the commutative diagram 

^ X ^^^^ X e M^ ^ M^ ^ 



D 



Dq 



Y — ^^-^y ^0 ^0, 
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the diagram 



X{D) ® A(j) "^ X{De) 



T^D^ 



e 



I 
X{j*)^XiD*) ^^^^X{D*q) 

commutes. The horizontal arrows in this diagram induce continuous bundle maps by the continuity 
of ()2.20p : the right vertical arrow induces a continuous bundle map over Ux;@ by Lemma [5.61 The 
isomorphisms R and Dj on the left-hand side of this diagram do not depend on D. Thus, the 
isomorphisms "Dd also induce continuous bundle maps over Ux-e- D 
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